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BBenenune

3anaun yactu «C» Exunoro rocymapcer-
BEHHOT'O 3K3aM€Ha 10 CTEpEOMETPUU B IIO-
cieHee BpeMsi OOJIbIIEeH YacThIO MOCBSIIE-
Hbl BBIYUCIICHUIO PACCTOSIHUM WM YIJIOB B
npocTpaHcTBe. Takue 3a/aud 4acTo BCTpe-
YaroTCcsl B MPaKTUKE, [MO3TOMY UM YIEJICHO
0c000€ BHUMaHHE.

Huxe mnpexacraBneHsl pasHble METOIbI
peuieHuss 3TUX 3a1ad. TpagulMOHHBIN Me-
TOJ| pELeHUs 3a/1a4ll OMHUPAETCS Ha OoIpeie-
JICHUS! PacCTOSIHUS WM yria, u Tpedyer oT
yyaluxcs pa3BUTOrO0 MPOCTPAHCTBEHHOTO
BooOpaxenusa. Kpome storo noaxona B mo-
coOun paccMOTPEHbI KOOPJMHATHBIN U BEK-
TOPHBIN METO[bl, KOTOPbIE MOTYT OBITH (-
(eKTUBHO HCIIOJIb30BaHbI MPU PEILIEHUHU 3a-
nad pasHoro Buja. [IpumeHeHHE OMOpPHBIX
3a/lady MOKET MPHUBECTU K PALUOHAIBHOMY
PELICHUIO 331a4H.

B xoaudukaTtop 351€MeHTOB coJiep:KaHus
K YPOBHIO MOJTOTOBKHU BBIITYCKHHUKOB BXO-
JSAT pa3felibl, CBA3aHHbIE C TeMOW «MHOTro-
IPaHHUKW», KOTOPbIE€ OTPAKEHbI B JIAaHHOM
OCcoOuM: ceyeHusl KyOa, MpU3Mbl, MUpaMU-
Ibl; OOKOBasi MOBEPXHOCTh NPU3MBI, MHpa-
MUJbI; 00BbEM KyOa, HpPSIMOYTOJIBHOIO Ia-
paiienenumnena, TUpaMubl, TPU3MBbL; MpU-
Mepbl HCIIOJIb30BAHMSI TPOU3BOAHON IS
HAXO0XJACHUS HAWIy4lIero peleHusl B MpH-
KJIQJHbIX 3a/1a4ax.

B pemienusix MHOTrMX 3aaay, NPUBEICH-
HBIX B JIaHHOM IOCOOWHU, UMEIOTCSI CCHUIKH
Ha ONOpHBIE 3aJlauM, MOJIHBII HabOp KOTO-
pBIX noMelieH B myHKTe 4.4 Ha ctp. 75-80.



1. PaccTrosinus u yrisl

Tema «PaccrossHMS W YIWIBD) SIBIISETCA
OCHOBOH JJIsl IpyTUX Pa3/ieloB CTEPEeOMET-
pun. B naHHOM paszzene npencTaBlIeHO B3a-
HMHOC PpacCIlOJIOKCHHUE TOYCK, IIPAMBIX H
IJIOCKOCTEH Ha MHOTOTrpaHHHUKaX, PaccMOT-
PEHBI OCHOBHBIC BHUJbI 3a1a4 MU MCETOJbI HUX
peuuenus.

1.1. PaccTosiHue MeKAy ABYMS TOYKAMHU

Paccrosaue mexny toukamu A u B
MO>KHO BBIUUCIIUTD:

1) xak JuiMHY oTpe3ka AB , eciau OTpe3oK
AB ynaercs BKJIIOYUTH B HEKOTOPBIM Tpe-
YTOJIBHHUK B Ka4€CTBE OJHOU U3 €T0 CTOPOH;

2) o hopmyne

4B & %) (0 ») (o2,

rae A(x], Vi Z])a B(xz’ Yas Zz);

3) mo dhopmyne ‘ﬂ?‘ N AB AB,wm
‘E‘ Ja@ b ¢, rue {a,b,c} —xoop-

—_—

JTMHATHI BeKTOpa AB .
HOIMANHO-EbIYUCTITUMENbHLIL MEM 00

IIpumep 1. B  eounuunom  Kybe
ABCDA,B,C,D, ma oOuaconanax zpamuei

AD, u D,B, e3amvl mouku E u F max, umo
1 2

D\E EAD]’ D\F ED]B]. Haiimu onuny

ompeska EF.

B,

A] C,1
y A C
D
Puc. 1

Pewenue. Jlniuny otpeska EF Haliiem 1o
TEOpEME KOCHHYCOB M3  TpEYyroJibHUKa

DEF (cm. puc. 1), B  KOTOpOM
D,F %/E, D,E %ﬁ, FD,E

www.alexlarin.narod.ru

(TpeyronbHUK AB, D, sBiSeTCs pPaBHOCTO-
ponaum). Umeem

EF® D,E* DF® 2DE DF cos

28 )322021 2
9 9 3 3 2 37
oTkyma EF @ Omeem: ?

KOOpPOUHAMH LI MEm 00

Ilpumep 2. B  eounuunom  Kybe
ABCDA,B,C,D, mouku E u K — cepedunwvi
pebep AA, u CD coomeemcmeenno, a
moyka M pacnonoscena na OuazoHanu
B,D, max, umo BM 2MD,. Haiimu pac-
cmosinue mexcoy moukamu Q u L, eoe O —

cepeouna ompeska EM, a L — mouxa om-
peska MK maxas, umo ML 2LK.

Pewenue. BeeneMm npsIMOYTOJIBHYIO CHC-
TEMY KOOpJMHAT, KaK yKa3aHO Ha PUCYHKE 2.

Z)

4,

Puc. 2

1 1
Torma E 0; 0;5 , K 1;5;0 , B(0;1;1),
D (1;0;1). Jlns HaxoXKAEHUS KOOPIUHAT
TOUYKH M ucnonbzyeM GopMyny KOOpIUHAT
Touku (omopHas 3amava 1), gensimiei oTpe-
30K B,D, B otHomieHuu 2:1. Mmeem

0 211201 21 21
12712712 3°3°
AHaJ'IOl"I/ILIHO HOJ‘Iy‘H/IM KOOp)II/IHaTI)I TOYKU

L, nensmen orpe3ok MK B oTHomeHuu 2:1.
Nmeem

251
L3 .3
12

2

NN N

O | o
W | =



Koopaunatsl Touku () paBHBI MOJIycyMMaM

COOTBETCTBYIOIIUX KOOPJIMHAT TO4YeK E U
113

M, nostomy Q —;—;— . Ilpumenum ¢op-
36

MyJly Ul PAacCTOSTHUSL MEXIy TOYKaMU C

3aJJaHHBIMHM KOOpJIUHATaMU

o L8 147 31
3 9 6 9 4 3
725 5429

36° 36

2

5729

Omeem: ———.
3

6EKMOPHBLIL MEM OO
Ilpumep 3. B  eounuunom  Kybe
ABCDA,B,C\D, ma oOuaconanax zpamuei
AD, u DB, é3amer mouxu E u F mak, umo

1 2
D\E EAD]’ D\F ED]B]. Haiimu onuny

ompeska EF.

Pewenue. Ilycth AD a, AB b ,
A4, ¢ (em. puc. 1), torma |a| |b|
¢l 1, ab ac¢ b ¢ 0. Bopasum

BekTOp FE 4epe3 0a3ucHbE BEKTOPHl a,

b, ¢:
- - — 2 . .
FE EA 4B, BF 2@ 9

— 1 — 1 21
b ¢) —(a b —-a —=b =c¢.
( 3( ) 3 3 3
Torma
2
‘ﬁ FE 1z 25 1
3 3 3
14 1 j6 V6
9 9 9 9 3
Omeem: —

3UCE MMEET KOOPAMHATHI 5;_;_ , T0-

ATOMY JUIMHY 3TOTO BEKTOPAa MOXHO HaWTH

o hopmyie ‘E‘ Jao b ¢, 10 ecth
48| L4l \E o
9 9 9 9 3

www.alexlarin.narod.ru

1.2. PaccTosiHue OT TOYKH 10 NIPSAMOii

® Paccmosinue om mouyku 00 NpAMOU, HE
coJiepkalieil 3Ty TOUKY, €CTh JJIMHA OTpPe3-
Ka TePIEHANKYIIAPA, MPOBEICHHOTO U3 3TON
TOYKHU Ha MPSMYIO.

® Paccmosanue medcoy 08yMs Napajieiib-
HbIMU NPAMbIMY PABHO JITHHE OTpe3Ka WX
00111eT0 MepIeHIUKYIISIPA.

® Paccmosanue medcoy 08yMs Napajieiib-
HbIMU NPAMbIMY PABHO PACCTOSHUIO OT JIO-
00l TOUKHM OJHOM U3 ATHX MPAMBIX 10 JIPY-
oy MpPSMOH.

NO3MANHO-GbIUUCUMETIbHBLIL MEM OO

PaccrosHne oT TOYKH O IPSAMOM MOYKHO
BBIYUCIINTh, KaK JUTMHY OTPE3Ka MEepIICH N~
KyJspa, €y yAaeTcsi BKIOYUTh 3TOT OTpe-
30K B HEKOTOPBIH TPEYTrOJbHUK B Ka4eCTBE
OJHOM U3 BBICOT.

Ilpumep 4. Ilpu ycrosusx npumepa 1
Haumu paccmosnue om mouku D, 0o nps-
mou EF.

Pewenue. I1ycts h — nuHa BBICOTHI Tpe-
yronpHuka D EF, OIYIIEHHOW W3 TOYKH
D,. Haiinem h, ncnonb3yss METOA ILIOLIA-
neu. [Inomans Tpeyronsauka D, EF paBHa

%D]F D\E sin FD,E

1 242 V2 B ﬁ

2 3 3 2 9

C apyro#t CTOpOHBI IJIOWIAAb TPEYTOJIbHUKA

N

1
D,EF paBHa EFE h ?h W3 ypaBHe-

V3 46

HUS —— ?h HAaXOJUM HCKOMOE pac-

N2
cTosiHME I ——.

3

3ameuanue. MOKHO 3aMETHTh, YTO BBI-

nosmsieTcs pasenctso FE* D E* D,F?,
T.€. TpeyroJbHUK D EF TpsMOYroJIbHBIN H
JUINHAa OTpe3ka D E  SBISETCI HCKOMBIM
pacCTOSIHUEM.

Omeem: — .
3




Mpumep 5. B npasunvroii wecmuy20.o-
nou npusme ABCDEFA B,C D,E\F,, pebpa
Komopou paeuvl |, Hatuimu paccmosanue om
mouxu A oo npamou BC,.

Pewenue. B xBanpare BCC,B, nuaro-

Hasb BC| paBHa V2 (cm. puc. 3). B npsimo-
yroiabHoM  TpeyroiasHuke ACD, rae
ACD 90 , AD 2, maxomum AC

22 1> /3. 13 upAMOYronsHOro Tpe-

YTOJIbHUKA ACC, uMeeM AC,

(/3)> 1> 2.B tpeyronsauke ABC,,
HCTIOJB3Ys TEOPEMY KOCHHYCOB, TIOJTy4aeM

22 (2)F 1P 52

cos )
2242 8
rue AC\B . Manee  Haxomum
14
sin % u u3 tpeyronbauka AC,H BbI-
COTY
AH AC;sin 2 E E

8§ 4

Jia

Omeem: —— .
4

IIpumep 6. (MHUOO, 2010). B mempa-
a0pe ABCD, ece pebpa komopozo pashbi [,
Haumu paccmosinue om mouku A 00 nps-

MOU, npoxoosawer yepes mouky B u cepe-
ouny E pebpa CD.

Pewenue. Tax kak Bce pedbpa ABCD
paBHbIE MPaBUJIbHBIE TPEYTOJIbHUKHU, TO Me-
muanel BE n AE tpeyronsHukoB BDC u
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NG

ADC (cwm. puc. 4) paBusl u BE AE BN

PaccmMoTpuM paBHOOEIPEHHBIN TPEYTojb-
HUK BEA w ero Beicotbl EM u AH. Bel-
paxas IiIonaab TPEYroJabHUKA IBYMS CIIO-
co0amu, oJy4aem

S s % AH BE % EM 4B,

nojiyuaem paBeHcTBO AH BE EM AB.
Tak kak

EM ~BE®* BM* 31 Q
4 4 2

TO MOJIy4aeM

EM AB le 6

BE 2 3 3

AH

Omeem: — .
3

B HekoTopeIxX 3agadax yJoOHO HCIOJIb-
30BaTh IUIOCKOCTb, POXOAILYIO Yepe3 J1aH-
HYIO TOYKY NEPIEHINKYIIPHO AaHHON Mpsi-
MOH.

Ilpumep 7. B eounuunom  Kybe
ABCDA,B,C\D, mnatmu paccmosnue om

mouxu D 0o npamoii A,C .

Pewenue. Ilycte A C BDC, F (puc.
5). Tak xak 4 C BDC, (onopHas 3ajgada
20), To FC, FB FD xak npoekuuu Ha
wiockocte BDC, paBHbIX HakinoHHbIX CC|,

CB u CD cootBercrBerno. CienoBareinbHO,
TOYKa F ABIIACTCA IIGHTpOM HpaBI/IJ'ILHOFO
tpeyroasHuka BDC,. Ilostomy wuckomoe



paccTosiHhEe paBHO paaUyCy OKpPYKHOCTH,
OIMCAHHOM OKOJO TpeyroabHuka BDC,.

CTopoHa 3TOro TpEeyroJbHUKA paBHA V2,

R

3 3

3Hauut, (D, 4,C) DF

Vo
S,

Omeem:

KOOpOUHAMH LI MEm 00

Ilpumep 8. B  eounuunom  kybe
ABCDA,B,C\D, mnatimu paccmosnue om
mouxu D, 0o npamoii PQ, 20e P u Q — cepe-
Ounvl coomeemcmeenno pebep A, B, u BC.

Pewenue. PaccMOTpUM NPSMOYTOJIBHYIO

CUCTEeMY KOOPJWHAT C Ha4aJioM B TO4uke A
(cm. puc. 6). Haiinem KoOpAMHATHI TOUEK

1 1
—1,0 —;1;0 , D(1;0;1).
> Q2 \( )

1 1 3
PO |- -~ 1 |2,
Q 4 4 2
1
D]Q Z

DP i Ly \E
4 4

W3 Ttpeyronpnuka D,PQ, ucnouas3ys
hopmyiy

P 0

Torma

113,
2

DP* QP* DO’

cos DPQ > DP OP
1

2

HaX0IUM
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Janee nomyyaem

2
. L 29
ppo I L 2.
sin DPQ 30 30

ITycte DN PQ,rne N PQ. Toraa
DN DP sin DPQ,

DN \ﬁ 29 [174 174
4 V30 144 12
V174

Omeem: ——— .
12

6€KMOPHbLIL MEN OO
Ilpumep 9. B edunuunom  kybe
ABCDA,B,C,D, mnaiimu paccmosanue om
mouxu D, 0o npamoii PQ, 20e P u Q — cepe-
Ounvl coomeemcmeenno pebep A, B, u BC.

Pewenue. Ilycth AD a, AB b ,
A4, ¢ (cm. puc. 6), Torna |a| |b|
I¢| 1,ab a¢ bé o.

Beipasum Bektop PQ uepe3 Oa3ucHble

BEKTOPHI d, b, C:



IIycte DN PQ,rne N PQ . Beipa-
3UM BeKTOp DN, y4uThIBasg KOJUIMHEAp-
HOCTb BEKTOPOB PN u P—Q:

DN PN PD, x PO PD,.
Tax kak DN ID_Q, T0 DN P—Q 0.
Otcrona noixydyaem
(x PO PD) PQ 0,
x PO° PD, PO,
2

b

Sy

QU

c a

N | —
NY
N | —
N | —
N | —
N | —

—_—

NG
NG
N | —
n|—

|

i)
=
| —
3|
QS
3

a

N | —
N | —

1
6
1. 7
—a

27 12

JlnuHa BeKTOpa

SR — 1. 7- 1_.°

‘D]N‘ VDN i b -¢
12 12 6

JE 49 1 i
144 144 36 12

J174

Omeem: ——— .
12

3ameuanue. Pemenne nanHoro nmpumepa
BCKTOPHBIM MCTOAOM HE ABJIACTCA paluo-
HaJIbHBIM, HO IPHUBCIACHO C ICJIBIO IIOKa3a
ITUPOKUX BO3MOXHOCTEH BEKTOPHOTO METO-
Jla IIpY pELIeHnH 3a1a4 pasHbIX BUIOB.
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1.3. PaccTosiHnue OoT TOYKH 10 IJIOCKOCTH

Sy
o

® Paccmosinue om mouku 00 NI0CKOCMuU, HE
coJiepkalieil 3Ty TOUKY, €CTh JJIMHA OTpPe3-
Ka TEPICHAUKYJIAPA, OMYIIEHHOTO W3 3TOU
TOYKHU Ha TJIOCKOCTb.

® PaccmosiHue mexcoy npAMoOu u napai-
JIeIbHOU el NJIOCKOCMbI0 PABHO JJIMHE HUX
00111eTO MepPIeHIUKYIISPA.

® Paccmosinue medcoy npsaAMou u napai-
JIeIbHOU ell NJIOCKOCMbI0 PABHO PACCTOSTHUIO
OT JI000W TOYKM ATOM MPSMOM IO TUIOCKO-
CTH.

® Paccmosanue medcoy 08yMs Napajieiib-
HbIMU NAOCKOCMAMY PABHO JUTMHE WX 00IIe-
o MePICHINKYIIApA.

® Paccmosanue medcoy 08yMs napajieiib-
HbIMU NJIOCKOCMAMU PABHO PACCTOSIHHUIO
MEXIYy TOYKOW OJTHOM M3 3TUX IUIOCKOCTEN U
JPYTOH IIOCKOCTBIO.

NO3MANHO-bIUUCIUMETIbHBLIL MEM OO

Paccrostnue oT Toukn M 10 INIOCKOCTH

1) paBHO paccTOSHUIO A0 IUIOCKOCTHU
OT NPOU3BOJILHOM TOYKM P, yexamed Ha
psAMOM [, KOTOpasi MPOXOIUT Yepe3 TOUKY
M w nmapajuienbHa MIOCKOCTH

2) paBHO PACCTOSIHUIO JI0 IIOCKOCTH
OT NPOU3BOJILHOM TOYKM P, yexamen Ha
IJIOCKOCTH  , KOTOpas NPOXOJIUT Yepe3

TOYKy M W napajuiesibHa INIOCKOCTH

IIpumep 10. B  edunuunom Kybe
ABCDA,B,C,D, naumu paccmosanue om

mouxu C, 0o niockocmu AB,C.

Pewenue. Tax xak npsmas A4,C, napai-
nensHa AC, To mpsamas A4,C, mapanienbHa
mwiockoctu AB,C (cM. puc. 7). Ilostomy
HCKOMOE PAacCTOSIHUE /i PaBHO PACCTOSHUIO
OT NPOU3BOJIBHON TOukH mpsamoit A4,C, 1o
mwiockoctu AB,C. Hanpumep, paccrosiHue
ot uentpa O, kBagpara 4,B,C,D, no nnoc-
koctu AB,C paBHO h.

[Iycte E — ocHOBaHUE NEPNEHIUKYJIAPA,
OIyLIEeHHOro u3 Touku O, Ha npsmyo B0,
roe O — ueHtp kBagpara ABCD. Ilpsamas
O,E nexwur B minockoctu BB D D, a nps-
Masi AC neprneHIuKyiIspHa 3TOM MIOCKOCTH.




[Mostomy O, E AC u OE — nepneHiu-
KyJsip k minockocty AB,C,a O E h.

V2

Tak kak —, 00 1, 10

OB, 1/ \/7 Berpaxas nByms cno-

cobamu Iomans TpeyroiabHuka B,0,0,

342 V3
IMOJIy4YuM h 5 7 1, OTKyaa h T .

Omeem: —3
3

Ipumep 11. B edunuunom Kybe
ABCDA,B,C,D, naumu paccmosanue om

mouxu D oo nnockocmu AB,C.

Pewenue. Tax xak mnockoctn DAC, u
AB,C mapamtensusl A C, ||AC, AD| B,C
D DAC, u O DAC, (cm. puc. 8), T0
II0JIy4aeM UCKOMOE PACCTOSIHUE

V3

(O,, AB,C) 3

(D, 4B,C)

Omeem
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3amevyanme. 13 naHHOro mpumMepa cie-
AyeT, 4TO PACCTOSHUE MEXIy Hapajuieib-
HbIMHU TUI0cKocTIMU DA C, n AB,C paBHO

B

(DA,C,, AB,C) (D, AB,C) .

Ilpumep 12. B npasunvhou wecmu-
yeonvrou npusme ABCDEFAB,C D EF,,
pebpa komopou paeusl |, natimu paccmosi-
Hue om mouku A 0o niockocmu A B,C.

Pewenue. llpsmas FC neprnieHIuKysp-
Ha AE n A4, no3ToMy NepHeHAUKYIspHa

mwiockoctu  AAE, (cm. puc. 9). Ilycts
FC AE G. Ilnockocte AAE, mepres-
IMKyJsipHa iockoctu A, B,C, conepxaiuei
npsamyo FC, u mepecekaer ee 1mo MpsiMOu
A,G . lnuHa BbICOTBI AH B TpeyrojbHUKE

AA,G ABISIETCS HCKOMBIM PACCTOSTHUEM.

D,

C

B,

Puc. 9

Tak kak B IPAMOYTOJIBHOM TPEYTOJIBHUKE

ADE  AE ~NAD* ED*, 10 ecTh
3
AE 3 ,T0 AG g N3 npsimoyrosbHo-

ro TpeyroibHuka AGA, HaxoauMm

G4, ‘/3 1 ﬁ
4 2

Bricotra AH paBHa

4G A4 5T
2 "2

GA,

AH 2.
7

Omeem: \/E .
7



Hpumep 13. B npasunvroii wiecmuy2oo-
nou nupamude MABCDEF, cmoponbl ocHo-
ganus komopotu pasHul 1, a 6okosvie pebpa
pasnvl 4, Haumu paccmosiHue om cepeouHbl
peopa BC 0o nrockocmu epanu EMD .

Pewenue. B npaBUIBHOM IIECTUYIOJIb-

muke ABCDEF BD DE w BD 3.
Touka O uentp ABCDEF (cm. puc. 10).
Torma MO  BeicoTa mupamunsl. M3 mps-
MOYTOJIBHOTO TpeyroiabHuka MOD mnoiyda-
em MO 415. Anodhemy ML OGoxoBoi
rpaau DME HaxoauMm U3 NPSAMOYTOJIBHOTO
TpeyrosibHuka MDL

2
v o PEC M
2 2
[lo npusHaky IepHEHIUKYIAPHOCTH
mwiockocret  (DE  MOL,  TIOCKOJIBKY

DE MO w DE ML) MOL DME.
[TosTomy BeICOTAa OH TpeyrosnbHuka MOL
NEepIEHIUKYJsIpHAa Tulockoctn DME . U3
IIPAMOYIOJIBHOTO TpeyrosbHuka MOL, B

BD 3

kotopom OL > oJIy4aemM

o MO oL \/E\/E;ﬁ 5
ML 22 7

Puc. 10

OnycTuB M3 TOUYKM L TEpHEHAUKYISPbI
LQ wna mnockocts rpaun DME u LK Ha
npsaMyro  DE, TOJyduM  TpeYyroJIbHUK
LOK , nonoOHelii TpeyroyibHuky OHD .
Tak kak paccTosiHAE OT TOYKH L 10 NMpAMOU

DE pasHo LK % BD % OL, 10 K03~
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¢bunueHT noao0us 3TUX TPEYrOJbHUKOB pa-

BEH E.OTcrona
2
o 3om 3 ﬁ 45
2 2 \7 28
Omeem: f
V28

KOOpPOUHAMHBLIL MEm 00

Paccrosuue ot Touku M 10 IJIOCKOCTH
MO>KHO BBIYUCIIUTH 110 (hopmyrie

|ax0 by, cz, d
N

rne M x,,y,,2z, , IIOCKOCTh 3aJaHa

2

ypaBHeHueM ax by cz d 0.

Ilpumep 14. B edunuunom Kybe
ABCDA,B,C,D, naumu paccmosanue om

mouxu A, 0o niockocmu BDC,.

Pewenue. CoctaBUM ypaBHEHHE ILIOC-
KoCTH, poxojsiei uepe3 Touku B(0; 1;0),

D(1;0;0) u C,(I;1;1) (cm. puc. 11).

ZhA B

Puc. 11

JIJ'I?I 9TOr0 MmoJACTaBUM KOOPAWHATBI OTUX
TOYCK B 06mee YPaBHCHUC IINIOCKOCTHU

ax by cz d 0.

[Tonyuum cucrteMy ypaBHEHMI

b d 0, b d,
a d 0, wim a d,
a b ¢c d 0 c d

OTcrofa HaxoIUM ypaBHEHUE

dx dy dz d 0

HIIN



x y z 1 0.

[To dopmyse HAXOIUM PACCTOSTHUE OT TOYKU
A4,(0; 0; 1) o nminockoctu BDC;:

0 0 1 1] 243
V11 3

A,

243

Omeem: ——.
3

3ameuanue. B paznene «Yrom Mmexnay

IUIOCKOCTSAMU» 0oJiee MOJAPOOHO pPaccMOT-
pPEH BONPOC O COCTAaBJICHUU YyPaBHEHHS
IUTOCKOCTH, MPOXOJAIIEH depe3 Tpu 3alaH-
HBIC TOYKU.

6eKmMOPHbBLIL MEM OO

IIpumep 15. B edunuunom Kybe

ABCDA,B,C,D, naumu paccmosnue om
mouxu A, 0o nrockocmu BDC, .

Pewenue. Ilycth AD a, AB b ,

A4, ¢ (cm. puc. 12), torma |a| |b|

I¢| 1,ab ac¢ bé o.

Puc. 12

BeIpasum BEKTOpBI DB, D—C], C/ 4, de-

pe3 OasucHeie d, b, C:

DB b a,DC, b ¢,CA @ b.

ITycte M4, BDC,, tne M BDC,.

Bexkrop CM x DB y D—C],noaTOMy

M4, CA CM CA (xDB y DC).

Hanee numeem

Wi DB MA DB o,

RN N ——

M4, DC, M4, DC, 0
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CA DB x DB y DC. DB 0O,

C]A]D—C] xlji’D—C; yD—C;2 0.

Taxk kak

CA DB (a b)b a) a b* 0,

DB (b ay b & 2,

R} - - -2

DC. (b ¢ b ¢ 2,
TO UMCEM

0 x2 y1 0
I x1 »2) 0

2x 'y O, X 3’
x 2y 1

y 3
Otcrona noixydyaem

M4 G b %(13 a) %(5 )

3ameuyanue. Bekrop m B JIaHHOM 0a-
2.2
373
3TOMY JUIMHY 3TOTO BEKTOPa MOXHO HalTH

o popmyie ‘M—A;‘ Ja*> b ¢’ ToecTh
— 243

v [f A e 2f
9 9 9 3

3UCEe UMEET KOOPIAMHATHI g; , TIo-



Memoo 00vemos

Eciu oOwvem mupamunsl ABCM paBen

|4 TO pacCTOssHHE OT TOYku M 110

ABCM >
IJIOCKOCTH  , COJEpXalled TpeyroJbHUK
ABC, BeIYuCISIOT TI0 popMyIie

M, M, ABC M.

ABC

B o0mem cirydae paccMaTpuBaroT paBeH-
CTBO 00BbEMOB OJHOMU (UTYPbI, BEIPAKEHHBIE
ABYMs HE3aBUCUMBIMHU CIIOCOOAMHL.

IIpumep 16. Pebpo Kyba
ABCDA,B,C,D, pasno a. Haiimu paccmos-
Hue om mouku C 0o niockocmu BDC,.

Pewenue. Vickomoe paccTosiHUE X paB-
Ho BbicoTe CQ (cMm. puc. 13), omymieHHo# B
nupamuge BCDC, n3 BepmuHbel C Ha oc-

HoBaHue BDC,.

Puc. 13

O6beM 3TOi upamMu/ibl paBeH

1 11 a’
ESBCD CC, 337 BC CD CC, i
C nmpyroit CTOpPOHBI, TaK KakK TpPEYrOJbHHUK
BDC, paBHOCTOPOHHMI CO CTOPOHOM a2 ,

00BeM NMUpaMU/Ibl paBeH
1 1 (aﬁ)zx/g . a3 .

-S... C
3 FaP Q 3 4 6

OTcrona noixydyaeM ypaBHEHUE

a3 a2\/§

6 6

X,

a
M3 KOTOPOro HaXO0AUM X T .
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Memoo onopHvIxX 3a0ay

[IpumeHeHre TaHHOTrO MEeToAa COCTOUT B
MPUMEHEHUM M3BECTHBIX OMNOPHBIX 3aj1ad,
KOTOpbI€ B OOJBIIMHCTBE Cily4aeB (Gopmy-
JIUPYIOTCS KaK TEOPEMBI.

e PaccrostHue OoT TOYKkH M 110 THIOCKOCTH

MO>KHO BBIYHCIIHUTH IO opMyIie

riue M, , M, , OM r,
OM,

., MM, O; B YacTHOCTH,

,, ecam r 7, (npsmas m, NIPOXOJs-
mjas 4yepe3s TOYKy M , mepecekaer IuUioc-
KOCTb B To4ke O, a Touka M, NEeXUT Ha

npsmoit m (cm. puc. 14a u 146)).

M M
M,
m m
4 Vit
a o
Puc. 14

Ipumep 17. B  edunuunom Kybe
ABCDA,B,C,D, naumu paccmosanue om

mouxu D, 0o nnockocmu AB,C.

Pewenue. VcrionbzyeM HalJeHHOE pac-
crosinue (npumep 10) ot Toukn C, (0T TOU-

knu O,) no maockoctu AB,C. Onyctum
neprneHaukyisip D, F Ha npamyro B E (cm.
puc. 15). Torna umeem

BD
(0, ABC) -

11

(D, 4B,C)




23

Omeem: ——.
3

Ipumep 18. Touxu A, B, C, D sagusarom-
Csl BEPUIUHAMU NAPALIEN02PAMMA, HU 0OHA
U3 CMOPOH KOMOPO20o He nepecekaem nioc-
kocmv . Touxu A, B, C yoaneuwvt om
niockocmu  Ha paccmosuue 2, 3, 6 coom-
semcmeenno. Haiimu paccmosinue om eep-
wunvl D 0o niockocmu

C
B .
[0
A = D
B] O1 C1
A, D,
Puc. 16

Pewenue. OnycTuM nepneHAUKYIspbl U3
BepuminH A,B,C w D Ha TJIOCKOCTbH
Touku 4, B,,C,, D,
nmpoekuuu Ha  (cM. puc. 16).

Touka O — Touka nepeceyeHus IuaroHa-
ned mapamnenorpamma  ABCD, Kortopas
IIPOEKTUpPYyeTCcsl B TOUuKy (O, — TOYKY Iepe-
CeueHHUs JUMaroHajel mnapamierorpaMMa
A B,C,D, (no coiictBy npoekuuii). Tak kak

— HX OPTOrOHAJIBHBLIC

touka O pemut otpe3ku AC m BD momno-
JaM, TO TO CBOWCTBY NIPOEKIUN OTPE3KOB
Touka O, Takke nenmut ortpeskn AC, wu
B,D, nonosam. Yetsipexyronpauku C,CA4,
u DDBB,
cpeansia JiuHusA. Toraa
CC, 44, DD, BB,
2 2
Orcroma DD, CC, AA, BB, n, Ttak
kak CC, 6, BB 3, A4 2, 10
DD, 5.

— tpanenuu. Otpe3ok OO, ux

Omeem: 5.
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1.4. PaccTosinue MexKIy
CKPEeIIUBAIOMMMUCSH NPAMBbIMU

® Paccmosinue mexcoy 08yMs CKpewuearo-
WUMUCA NPAMbIMU PABHO JITMHE OTPe3Ka UX
00111eT0 MepIeHIUKYIISpA.

NO3MARHO-bIUUCTUMETIbHBLIL MEM OO

JUis HaXxoXJI€HUsl PpACCTOSHUA MEXIY
CKPEIIMBAIOIIUMUCS TPSIMBIMH MOXHO BOC-
M0JIb30BAThCS OJTHUM U3 TPUBEJACHHBIX HU-
e YeThIpex CII0CO0O0B.

1. TloctpouTe 00U NEPHEHIUKYIAP
JIBYX CKpEIIMBAIOUINXCS MPSAMBIX (OTPE30K C
KOHI[AMH Ha JITHUX TMPSMBIX U TEPICHINKY-
JSpHBINA 00€UM) U HAalTH €ro JUIMHY.

2. TlocTpouTh IUIOCKOCTh, COJEPHKAULYIO
OJIHY M3 MPSMBIX U MapaJljIeIbHYI0 BTOPOM.
Torpa uckomoe paccTosHue OyAeT paBHO
paccTosiHue OT KaKOH-HUOYIb TOUKH BTOPOM
MPSIMOM IO TOCTPOEHHOM MJIOCKOCTH.

3. 3aKiII04YUTh JAAaHHBIE NPSMbIE B Mapal-
JIeNIbHBIE TIJIOCKOCTH, TPOXOJAIIUE Yepes3
JAHHbIE CKpEIIMBAIONINECs NpsMble, U Hail-
TH PacCTOSTHUE MEXY 3TUMHU IJIOCKOCTSAMHU.

4. TlocTpouTh IUIOCKOCTb, NEPHEHIUKY-
JSIPHYIO OJHOW W3 JAHHBIX HPSAMBIX, U T0-
CTPOUTH Ha 3TOM IJIOCKOCTH OPTOTOHATIBHYIO
MIPOEKIINIO BTOPOM mpsimoit (cM. puc. 17).

Puc. 17

(/,,1,) (4,BC,) AH,

rie A I , l,, BC,
Has Mpoekuus /, Ha mIockocts , H  oc-

OpTOTOHAJIb-

HOBAHHE ITIEPIECHANKY/IAPA, ONMYIICHHOTO M3
A Ha BC,.

Ipumep 19. B xybe, onuna peopa komo-
PO20 pasHa a, HAUMU pAcCmMosHUE MeHCOy

pebpom u ouazouanvio, He nepecekaroujel
€20 epaHu.




Pewenue. B xayecTBe npuMmepa HanaeMm
paccTrosiHMe Mexay pedpoM AA, um auaro-
Hasplo D;C (cM. puc. 18). Ilpsamble A4, n
D,C
Il M3 OTMEUYEHHBIX CHOCOOOB, MOKAXEM,
YTO PACCTOSIHUE  MEXKIy HUMH PaBHO a .

ckpenuBaromuecs. Mcnonap3ys kax-

1-i cnoco6 (cm. puc. 18a). Tak xkak
AD, AA mn AD, DC,t10 4D, oO0mui
NEPIIEHANKYIISAP JIBYX CKPEIIUBAIOIIMXCS

npsMbiX AA, u D,C. PaccrosiHue  Mexay
B] C] B] C]
4, D 4,7 D
E d : d
al pi al p:
- J S
¢ 4 C
A D A D
a o
B] Cl Bl Cl
A+ D A : D
CN\d P \d
a B: \ a Bi__ B
o C 4 C
A D A D
6 2
Puc. 18

AA, n DD,C, paBHO A4,D, a.

2-u cnoco6 (cm. puc. 186). Tak xkak
miockocte DD C;, comepxamasa D,C, na-
pauienbHa AA,, TO paccrosiHue — OT AA,
o DD,C, paBHO a .

3-1i cnoco6 (cm. puc. 186). Ilnockocth
DD,C;, conepxamas D,C, mnapamuienbHa
IUIOCKOCTU  AA B, cojepxameil AA,, u

pacCTOsSIHHE  MEX]y HUMU PaBHO d .

4-u cnoco6 (cm. puc. 182). Ilmockocth
ABC nepneHaukyispHa npsamoit A4,. Tou-
ka A mpoekuus AA, Ha 3Ty IUIOCKOCTb.
[Ipoexuueir D,C Ha mi1ockocts ABC SBISA-
ercas DC. Paccrosnune OT TOYKH A 10

DC. paBHO a.
Omeem: a .
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Mpumep 20. Havimu paccmosnue medxcoy
HenepecekarwumMucs OUd2OHANAMU — 08YX
CMeJHCHBIX epaHell Kyba, OnuHa pebpa Komo-
po2o paena a.

Pewenue. Haiinem paccTOsiHUE MEXITYy
mparoHanssMu - A4 C;, U AD, KyOa
ABCDA,B,C D, .

1-1 cnocob. Ilyctb oTpe3ok PQ (cM. puc.
19) ectb oOwUIT MEPHIEHAUKYISP CKPEIIU-
Baromuxcsa npsaMelx A4 C, u AD;, a PN u
KQ
IUIOCKOCTH 4, B,C; 1 AA4;D; COOTBETCTBEHHO
(PK AD;, m ON AD,). Ha ocHoBanuun

€ro OPTOrOHAJIbLHBIC TMPOCKIMWH Ha

TEOPEMBI O  TpeX  MNEPHEHIUKYIIpax
PN 4C, m KQ A4D,. TpeyronbHuku
A PN u KQOD, 1psMOYroiabHBIE U PaBHO-

Oenpennsle, modromy 4K KN  ND, %.

B, C
D
A== N

D,

Puc. 19

AnanorudHo,

NO
a2
3

ND, AK KP %

u AP PN . Torma U3 npsaMOyroib-

HOIO TpeyroiapHuKa PN(Q IOJy4YuM pac-
crossaue Mmexay A,C, u AD :

2a2 a2 a\/g
PO PN' NQ® (- o

2-u cnoco6. TlocTpouM IUIOCKOCTH, CO-
nepxaiyro 4D, u napamuiensHyo A4,C; (cM.
puc. 20a). UckoMoii TIIIOCKOCTBIO SIBIISETCS
AD,C . HanineM paccrosHuEe A0 Hee OT Ka-
KoU-1mbo Touku mpsamoit 4,C,. [ns storo
omycTuM u3 Touku O (cM. puc. 20a) Ha yKa-
3aHHYIO IUIOCKOCTh nepreHaukyisp. [lmoc-
KOoCTH BBD; m ADC mepneHauKyIspHbI
(AC BD m AC D\D,u AC ADC).



B, 0] D,
h
N
B 0, D
a 0
Puc. 20

Tak xak B,D D,0O; (cm. puc. 206) (zo-
KaXuTe camocrositenbHo!), To ON AD,C
(ON || B,D) n u3 nmonoOusi TpeyroJsHUKOB
ON 0D

BD BD

BBD m ODN cuenyer A

BD OD, a3
B,D 3

h ON

3ameuanue. {19 HaXOXIEHUS PaCCTOS-
Hus oT Touku O 110 mockocTd AD,C MOKHO

BOCIOJIb30BAThHCS pe3yabTaroM npumepa 10.

3-ti cnoco6. Tloctpoum mapauieabHbIC
mwiockoctu AD,C u BAC, (cMm. puc. 2la),
coaepxamue npsMele AD; u A4;,C; COOTBET-
cTBeHHO. /lnaronans B D Kyba nepneHau-
KylsipHa 00OeuM IUIOCKOCTSAM U (CM. pHC.
216) Toukamu K U N JEIUTCS HA TPHU paB-
Hble yacTu (omopHas 3anaua 20). Paccros-
HHe Mexay miockoctamMu AD,C u B4 C
a3

3

paBHO JUIMHE OTpe3Ka KN, T.€.

l;:]“ o) . C
A] ~ D] B] 0 D]
VKX S
B
WS NIN N
B i
L0 AN C
Lo B 0 D
A D
a 6
Puc. 21
4-11 cnoco6. Ilnockocts BB/ D; mnepreH-
mukynsapHa npsamod A4, C, (4C, BD, n
4C, DD) u IIJIOCKOCTH AD,C

(B,D AD,C) (cMm. puc. 22a). D,O; 1po-
exuust AD;, Ha MmIocKoCTh BB,D,;. Paccros-
HUe oT Touku O (mpoekuuu A4,C; Ha IocC-
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KOCTb BB\D;) 10 D,O, paBHO JUIMHE OTpe3Ka
ON (cm. puc. 220).

B:l 9, C,

Al : ;“‘ ' D] B] O D1
i P h
N N
,:‘*B Ol" ''''''''' L 4C

':--_____Z:J:: ..... B 01 D

A D

a 0
Puc. 22

Ipumep 21. B npasurvrou yceuennou ue-
muipexyeonvrot nupamuoe ABCDA,B,C\D,

CO CMOPOHAMU OCHOBAHUI PAGHLIMU A U b
(a b), u evicomoti h natimu paccmosinue
Mmedcody Ouazonanvio BD, u ouaconanvio

bonvutezo ocnosanus AC .

Pewenue. 1lpsaveiec BD; 1 AC ckpemu-
Batorcsa (cMm. puc. 23a). Touku O u O,
TOYKH MEPECEYEHUs UaroHaieil OCHOBaHUM
mupamuael. OO, AC u OO, BD, Kak 0T-
PE30K, COENMHSAIONINN CepeTUHbI OCHOBaHUM
paBHOOEIpeHHbIX Tpaneuuil BBDD n

AAC,C.

Puc. 23

[TocTponM IUIOCKOCTH NEPIEHAUKYIISP-
HYI0 OJHOM M3 CKPEUIMBAIOIIMXCSA MPSIMBIX
BD, n AC. Ilnockoctes BBD;, AC, Tak
Kak AC TepHneHIuKyIspHA IBYM Iepece-
KAlOIIUMCS MPAMBIM ~ 3TOM  INIOCKOCTH:
AC BD (ABCD xBagpar) u AC OO,
(00,
JICKUT B IUVIOCKOCTU BB D, MO3TOMY HCKO-

BbicoTa nupamunel). [Ipsmas BD,

MO€ paCCTOAHUC PABHO JJIMHC NMCPICHANKY-
Jpa, OmyleHHoro u3 touku O Ha BD,.

OK HaiiieM u3 nojoOus MpsIMOYTOJIbHBIX



TpeyroabHukoB BDN u BKO (cM. puc.
236), umeromux oO0mwMil ocTpeiii yroia. B
tpeyronenuke BD N: DN h, BN

G b)\/_ (a b)\/_

BD ND

. (DN BN @D b)

B tpeyronsnuke BKO BO

OK o
Torpa —— —— win
DN BD,
ox BO DN ah
BD,  \21* (a b)
Omeem: ah .
J2i (a bY

IIpumep 22. B npasunvHot uemvipex-
yeonvrou nupamude SABCD, ece pebpa

Komopou paenvl 1, maumu paccmosinue
medxncoy npsamvimu BD u SA.

Pewenue. Ilycte E — OCHOBaHuE Iiep-
NEHAUKYISpa (CM. puc. 24), ONyILIEHHOTO U3
Touku O Ha pebpo SA. Tak kak npsimas BD
neprneHuKyinsapHa miockoctu A0S, 1O
BD OE.

Puc. 24

Takum o6pazom, OF — oOmmii meprneH-
JUKYISIp K CKPEUIMBAOIIMMCS IpSIMbIM BD
u SA. Haiinem ero JuiMHy, BBIYUCIUB JBYMS
croco0amu 1iotaab TpeyroiabHuka A OS.

N3 pasenctBa A0 SO AS OE, rne

AO %, AS 1, SO 72 CJIEIyET, UTO
OE 0,5.

Omeem: 0.,5.
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6CKMOPHO-KOOPOUHAMHBLIL MEM 00
Ilpumep 23. B edunuumom  «kybe
ABCDA,B,C,D, naiimu paccmosnue medic-
0y ouazonanvio Kyoa BD, u ouaconanvio
epanu AB, .

Pewenue. BBeneM npsMOYIroJIBHYIO CHC-
TeMy KoopauHaT (cM. puc. 25), Torga
A(0;0;0), B(0;1;0), B,(0;1;1), D,(1;0;1).

Ilycte EF — oOmui mNepHneHaAuKyIsp
CKpeLMBaroIuXcs NpsMblX BD, u AB,, To

ecte FEF AB,, EF BD,, npuuem
E AB, m F BD,. O60o3Haunm AE ,
BE

F
—— ¥ BOCIOJIb3yeMcs opMyIaMu JTst
1

KOOpJIMHAT TOYKHM (OomopHas 3agadya 1), ko-
TOpad ACIUT )IaHHBII)'I OTPE30K B 3aJJaHHOM

oTHomeHuu. [lomyuum £E 0,1—,1— ,

F 2 2

1 1 1

IIycTs 1 D, I q, TOr;a
EQ©, p,p), F(qg,1 q,q). Tak xak BekTop

EF {g,1 q p,q p} nomxeH ObITH

MEPIEHIUKYISIPHBIM BEKTOPaM

A—B; {0; 1} n B—D; {I, 1;1}, To umeem
CUCTEMY YpaBHEHHIA:

AB, EF 0,

. Wi

BD, EF 0



1l g p g p 0 , 1,1 (x y) b* x & 0,
¢l qpqp0 23 1 y) @ (x y) b* 0
Orcioma EF l,l, — , EF ‘ﬁ 2x 'y 0, ly 2
36 x 2y 1 0 3773
1 1 1 1
L — 2 1 2 -1
Urax, MN 1 =4 - Zb =¢
9 36 36 46 1 TaK 3 3 30 3
Omeem: — . - . - 2
V6 La Ly L] | ta L5 le
5 ) 373 3 373 3
6CKMOPHbBIU MemOo
I 24 ’ B eo 4] ,/l 11 —3 Omeem: ﬁ
pumep . eOUHUYHOM  Kybe 9 9 9 3 .

ABCDA,B,C,D, naumu paccmosnue medxc-

oy npameimu AB, u BD. Menoo onopHsIX 3a0au

OnopHas 3aj1aya
e Ecnu AB u CD — ckpenuBarommuecs pedpa

Pewenue. Ilycth AD a, AB b ,

A4, ¢ (em. pue. 26), torma |a| |[b| TpeyronbHO nupamuasl ABCD, d — pac-
I¢| 1,ab a¢ bé o. CTostHuE MexXay Humu, AB a, CD b,
— yron mexny AB u CD, V' — o0bem nupa-
14

munsl ABCD, 10 d -
absm

Ilpumep 25. B edunuunom Kybe
ABCDA,B,C,D, naumu paccmosnue medic-

0y ouazonanvio Kyoa BD, u ouaconanvio

epanu AB, .
&
Puc. 26 B :
1
Eciu M u N — ocHoBanus o01ero mep-
NEHAUKYIApa OpsAMbIX AB, u BD cooTBeT-
CTBEHHO, TO umeeM A—B; b ¢,
DB b a,
B
MN MA AD DN
x AB, a y DB Puc. 27
xb ¢) a yb a) Pewenue. HaliieM MCKOMOE pPacCTOSHHE
T ya x »b xec. mo ¢opmyne d 4 , Tne V —

AB, BD,sin

Bexrop MN nepnenymKyapen BeKTo- o0beM mupamunsl ABB D, (cM. puc. 27),

paM A—B]> nu Flé, HO3TOMy nMEEeM
AB, 2, BD, 43, 5 yroa mex-

MN 4B, 0,
- ay npsimbeiMu BD, n AB, . Tak Kak miomazis
MN DB 0

~ ~ ocHOBaHUsA ABB, nupamunsl ABB,D, pas-

Q@ yya (x y)b x¢ (b ¢) 0, 1 1
. L Ha —, aBbicoTa 4, D, papHa I, TO V' —.

1 ya (x )b xc (b a) 0 2 6

15
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CruenoBareibHo, d ; L

1
Omeem: — .

V6

Hpumep 25. B npasurvnou wecmu-
yveonvnou npusme ABCDEFA B C D,EF,,
pebpa komopou paeusl |, natimu paccmosi-
Hue medxncoy npamvimu AB, u BC,.

Pewenue. Haiinem cuHyC yrima — Mexay
JTaHHBIMU pAMbIMU. Tak kak 4B, || BM , 1o
TIOJTY9UM KOCHHYC yIJIla U3 TPEYTOJIbHHKA
MBC, (cM. puc. 28):

cos BM® BC! MC' 2 21 3

2 BM BC, 242 2 4

Torma sin 1 2 —7 Paccrosinne
16 4

3
orroukn C, 10 npsamoil A,B, paBHO BN

O6bem mupamunel ABB,C; ¢ OCHOBaHHEM
ABB, paBeH

p Ll B B
32 2 12
Paccrossnue mexay npsmeiMu AB, un
BC, paBHO
6 V3
d 12 \/ﬁ

fzﬁf 7

Omeem:

V21
—
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1.5. ¥Yroa mexay a1ByMs NpsAMbIMH

® Venom mexncoy 08yms nepecekarujumucs
npAMbIMY HA3bIBAETCS HAaUMEHBIIMM U3 yTr-
J0B, 00Opa30BaHHbBIX MPU MEPECEUEHUN Mpsi-
MBIX.

L0 a,b 90 .

® Vonom mexcoy CKpewusarowumucs nps-
MbIMU HA3bIBACTCS YTOJI MEXIY IEepeceKaro-
IIUMUCS TPSIMBIMH, COOTBETCTBEHHO TMapail-
JIeTbHBIMU JAHHBIM CKPEIUBAIOIIUMCHL.

® J[Be npsiMble HA3bIBAIOTCS NEePNeHOUKVAAD-
HbIMU, ECITU YTOJI MEKIY HUMH paBeH 90 .

® Veon mexcoy napannenbHuIMu NpAMbIMU
CUMTACTCS] PABHBIM HYIIIO.

NO3MANHO-bIUUCIUMETIbHBLIL MEM OO

[Ipn HaxoXJCHHUH YrIIia MEXIy Mps-
MBIMU M ¥ [ UCTIONB3YIOT GOPMYITy
|b* &
cos —,
2bc

rne a u b  JIWHBI CTOPOH TPEYroJbHHUKA
ABC, cOOTBETCTBEHHO MapauIeNbHbIX 3TUM
TIPSIMBIM.

Ipumep 27. B kyoe ABCDA,B,C D,
Havumu Y2071 medxncoy npameimu AD u D E,
eoe E — cepeouna pebpa CC,.

Pewenue. Ilycte F — cepenuna peOpa
BB,, a — pebpo kyba, = — MCKOMBIH yroiu
(cm. puc. 29).

Puc. 29
Tak xak AF || DE, 10 — yroia mpu

BepuuHe A, B TpeyroabHuke A FD. U3
TpeyronbHuka BFD nmeem

2 2
FD?> BD® BF® 24° % 9a

9

16



a U3 TpeyronbHuka A, B I nomydaem

AF* AB’ BF* a’

a5
S
Hanee B TpeyroibHuke A,FD ucnoiubsy-

oTkypa A, F

€M TeopeMy KOCHHYCOB

FD*> AD* AF® 24D AFcos |,
9a* , 5a’ av's
— 2a° —— 2av?2 cos ,
4 4 2
1
OTKyJia COS —u arccos——.

V1o V1o

1
Omeem: arccos——.

V1o

3ameuanue. (s ynporieHusl BbIUKCIE-
HUM JUIMHY pedpa KyOa yaoO0HO NMpUHSATH 3a
SIUHUILY.

MMpumep 28. B npasunvroti mpeyzonvrou
npusme ABCA,B,C,, pebpa komopoii pagHbi
[, naimu yeon meoucoy npamvimu AC, n
B.C.

Pewenue. Ilposenem CM ||AC, (cm.
puc. 30). Torma
(4AC,,BC) (CM, BC)
B,

C
Puc. 30

N3 tpeyronpauka MC B, ¢ nomouibro
TEOpEMBbl KOCUHYCOB HaX0JIUM

MB> 1 17 211(05 3.

1

Hanee u3 tpeyronsHuka MCC,, ucnons3ys
TeopeMy KOCHHYCOB, MOIy4aeM

2 2 3 1

22 42 4

1
cos arccosz .
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1
Omeem: arccosZ .

Ipumep 29. (MHUOO, 2010). B npa-
BUNILHOU wecmuy201bHoU nupamuoe
MABCDEF , cmoponbl ocHoganusi KOmopou
pasHuvl 1, a 6okosvie pebpa pasuvl 2, Hatimu
Kocunyc yena medxcoy MB u AD.

Pewenue. llpsmas AD mnapamienpHa
npsimoir BC (cm. puc. 31). CrnegoBarenbHo,
uckoMelif yron MBC. B paBHOOenpeHHOM
TpeyroinsbHuke MBC mpoBeaeMm amodemy

ML, BL lBC l
2 2

Puc. 31
N3  mpsMOyrospbHOro  TPEYroJbHHUKA
BML nonygaem cos MBL BL l
BM 4
1
Omeem: — .
4

6EKM OPHO-KOOPOUHAMHBLIL MEM 00

[Ipn HaxoxaeHUM yria MEXIy mps-

MBIMHU M ¥ [ UCTIONB3YIOT GOPMYITy
1P q

7] 4]

WU B KOOPJIMHATHOM (hopme:

|x1x2 ViV lez|
cos ,

2 2 2 2 2 2
\/ X Y 2 \/ X, YV, 2

e p {x,y,z} 0 q {x,¥,,2,}
TOpBI, COOTBECTCTBCHHO HapaJ'IJ'IeJ'IBHBIe 3TUM
pr[MBIM; B YaCTHOCTH, AJId TOIO qTO6I)I

npsiMble m U [ ObUIN NEPIEHANKYIISAPHBL, He-
00X0JTMMO M JIOCTaTOYHO, 4ToObl p ¢ O

Y1V

COoS

BCK-

WIH XX, z,z, 0.



Ipumep 30. B edunuunom Kybe
ABCDA,B,C,D, naiimu yzon medcoy npsi-
moimu AE u DF, 20e E u F — mouku, pacno-
nodcennvie na peopax CD u C,D, maxk, umo

DE %DC, C.F %C,D,.

Pewenue. BeeneM npsMOYroJIbHYIO CHC-
TEeMY KOOp/AMHAT, KaK yKa3aHO Ha puUCyHKe 32.

zZh B

Puc. 32

Torma A4(0;0;0), D(1;0;0), E 1;%;0 ,

F l;g;l ,E‘ 1;1;0 ,ﬁ 0;2;1 ,
3 3 3

o 5

4E| |DF| 410 V13 V130°
3

CoS

3

arccos , TIe HWCKOMBIHN yroJ.

2
130

Omeem: arccos

2
Ji30

Hpumep 31. B npasurvrou wecmu-
yveonvnou npusme ABCDEFA B C D, EF,,
pebpa komopoii pasHul |, Hatimu y2on me-

oncoy npamoimu AB, n BF,.

Pewenue. Beenem npsMOYroJbHYIO CHC-
TeMyY KOOp/MHAT, KaK yKa3aHOo Ha pUCyHKe 33.

1 3 V3

Torma 4 —; —;0 , B, —1
2 2 2

3
2

1
2’
B .0 ,F L0;1,A4B, L0l

i
b 2’ b

1
29

BF,

1

N | W
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Puc. 33

‘A—B; BF, Y
COS — — -
‘AB]‘ ‘BF]‘ 22 08

2

arccos?, rae HWCKOMBIHN yroJ.

Omeem: arccos? .

6EKmMOPHbBLIL MEM OO

[Ipy wWCHOJB30BaHUM JTAHHOTO METOJA
MPUMEHSIOT (OPMYITy

pPq
Pl la|

Ipumep 32. B xyoe ABCDA B,C D,
Hatmu yeon medxcoy npamvimu EF u PQ, 20e
E, F, P, Q — cepeounvi pebep DD,, BC, AA,
u B,C, coomeemcmeenno.

Cos

Pewenue. Ilycth AD a, AB b,
A4, ¢ (em. puc. 34), e |d| |b|

I¢| 1,ab ac¢ bc O.




Torma

EF ED DC CF lez?la,
2 2
N S
PQ PA AB BQ —¢ b —a,
2 2
OTKYI[a HaxXoaum
PO EF
1. - 1. 1. - 1.
—c b —a —c b la
2 2 2 2
Gols lp o LLL
4 4 4 4 2
‘P_Q 1z 5 L \/1*2 5 la
2 2 4 4
1
(PRI Y
4 4 \2
— 1. - 1.° N1 1
EF —¢ b —a \/—*2 b? —a’
2 2 4 4
1
(PRI Y
4 4 \2

HOHCTaBJ’IfIfI IMOJIYYCHHBIC 3HA4YCHUA B
dbopmyny, UMeeM:
‘PQ EF‘

1 3
COS —_—T T -
PO |EF| 272

1
5

1 N
Otcrona arccosg , TIe HCKOMBIH

YTOI.
1
Omeem: arccosg .

Memoo onopHvIX 3a0ay

o [IpuMeHeHNE TEOPEMBI «O TPEX KOCHHYCAX)

Ipumep 33. Veon wmeocoy 6Gokosvimu
pebpamu  npasulbHOU  4emulpexy20abHOul
NUPAMUObL, He NeNCaAuUMU 8 OOHOU 2PaHl,
pasen 120 . Haumu niaockuii yeon npu eep-
WuHe NUPAMUObL.

Pewenue. B T1paBUIBHON  4YeTBIPEX-
yroinpHo mupamuae SABCD mnposeaem
muaroHanibHoe ceduenne ASC (cMm. puc. 35);
SD — HakJIOHHAS K IJOCKOCTH ceueHus, SO
— BBICOTA MUPAMUJIBI ¥ TIpoeKIust SD Ha 3Ty
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mwiockocts, SC — mpsimasi, NPOBEACHHAs B
mockocTu ASC yepe3 OCHOBaHWE HAKJIOH-
Hou. Ilo ycimoButo  ASC 120 .

Puc. 35

Ha ocHOBaHnM T€OpeMBI O TPEX KOCUHY-
cax (omopHas 3a7a4a 3) umeeM:

cos DSC cos DSO cos CSO.
Otcrona

DSC

1
cos’60 —.
4

coS cos60 cos60

1
CnenoBarenbno, DSC arccosz.

1
Omeem: arccosZ .

o [IpuMeHeHne TeoOpeMbl KOCHHYCOB IS
TPEXTPAHHOTI'O yIja

IIpumep 34. B kyoe ABCDAB,C D,
Havmu y2on medxncoy npamvimu AD, u DM,

20e M — cepeouna peopa D,C,.
Pewenue. Ilycts pedpo kyba paBHO 1,
Touka N — cepenuHa pedpa 4,B,, Toraa uc-

KOMBII yroia  paBeH yriy Mexny AD, u
AN (cm. puc. 36).

B,
N
Al C]
4 l‘ C
D
Puc. 36



HcnonbzyeM TeopeMy KOCHUHYCOB JUISt
TPEXTPAaHHOTI'O yIia ¢ BepnHOi 4 (omopHas
3aga4a 2), B  KOTOpOM A AD, ,

A AN , NAD, . Tak kxak B KyOe

BCE JIByI'paHHbIE YIJIbl IPU pedpax MpsiMbIE,

TO 90 . Torma u3 Teopemsl cledyerT,
9TO
COS  COS cOS
W3  npsMOYroibHOTO  TpEyroJibHUKa
A, AD, Haxomum
V2
cos cos45 7,

u3 TpeyrojapHuka A, AN mnoirydaem

A4, N5 2

coS — 1:— —.
AN 2 5

202 2

Orcroga cos — —— —.
2 5 \s

\F

CnenoBaTeabHO, arccos g

2
Omeem: arccos\/; .
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o [Ipumenenue hoOpMVIbI

2 2 2 1
>

CosS CoS COoS

rae , W  — Yribl, KOTOpbIE 00pa3yer

HEKOTOopasi mpsiMasi C TpeMs IONapHO Iep-
MEHIUKYISPHBIMH TIPSMBIMH.

Hpumep 35. /lan npamoyzonvuvli na-
pannenenuned ABCDA B,C,D,. Ezo ouazo-
Hano B,D cocmasnsiem c pebpom AD yzon
45, a ¢ pebpom DC yeon 60 . Haiimu
yeon mexcoy npamvimu B,.D u DD, .

Pewenue. Tax Kak mnapajuienenunen
ABCDA,B,C,D, npsMOYrojbHbIi, TO €ro
pedpa, BBIXOJALINE U3 OJHOW BEPIIMHBI MO-
MapHO MepHeHAUKYIspHbl. PaccMmoTpum
BEPIIMHY D M BOCHOJB3yEMCS TAaHHOU BbI-
e GopMyson

cos> cos’ cos® 1,
rnie ADB, , CDB, , D,DB
(cm. puc. 37).
B,
Puc. 37
Tak kak Mo ycIoBUIO 45 60 ,

TO MOJIy4aeM

cos’45 cos’60 cos® 1,
cos’ 1 11 l
4 2 4
o 1
[TockoabKy  — OCTpBIl YroJ, TO COS 5

Otcrona 60 .
Omeem: 60 .



1.6. Yroa Mexay npsiMoil U IJIOCKOCTHIO

® Venom medxncoy niocKocmuio u He nepnem-
OUKYNIAPHOU el npsMOU Ha3bIBA€TCA YroJl
MEXKIy 3TOH INpsAMOW M €€ NPOEKIUEHd Ha
JAHHYIO TIOCKOCTb.

L0 (a, ) 90 .
® Veon meodncoy 83aumMHO nepneHOUK)IspHbl-
Mu npamou u niockocmoio pager 90 .

® Eciu npamas napaiieibHa NI0CKOCmu
(unu nesxcum 6 metl), mo y2on mMexcoy HUMU
cuumaemcs pasrovim 0 .

NO3MARHO-GbIUUCTIUMETIbHBLIL MEM OO

VYros Mexay npsaMoi / ¥ TIIOCKOCThIO
MO>KHO BBIYHCIIUTE, €CJIH 3TOT yroJl YIaeTcs
BKJIFOYUTH B IPSIMOYTOJIBHBIN TPEYrOJIbHUK
B Ka4eCTBE OJTHOTO U3 OCTPHIX YIJIOB.

Hpumep 36. B npasunvroti mpey2onvrou
npusme ABCA,B,C,, ece pebpa komopou
pasnul 1, naiimu y2on medcoy npamou AB, u
naockocmoio AA,C,C.

Pewenue. 1lycte D — cepenuna A,C,,
Torna B, D — NepHneHIuKyIsp K INIOCKOCTH
AA,C,C, a D — npoekuust TOUKH B, Ha 3Ty
IIJIOCKOCTH (cM. puc. 38).

C

C
B
A
Puc. 38
. . B,.D
Ecom  — mckomsli yroii, To Sin —_—,
AB,
V3
rane  AB, V2 , B/D B U II03TOMY
. 6 . 6
sim  ——. Orcrona arcsin — .
4 4

Omeem: arcsinT.
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Hpumep 37. B npasunvnou uemvipex-
yeonvroti nupamude MABCD , ece pebpa
komopoti pasuvl 1, mouxa E  cepeouna
pedopa MC. Haimu cunyc yena medcoy
npsamou DE u nnrockocmoio AMB .

Pewenue. Yepes BepminHy M 1npoBenem
MPSIMYIO TTApAJIICIbHYIO TIpsiMoid AD, u OT-
JIO)KMM Ha HEW €AMHWYHBIA OTpe3oKk MF

(cm. puc. 39).

Puc. 39

B terpasnape MDCF Bce pebpa paBHBI 1
U TII0CKOCTh DFC mapaienbHa IIIOCKOCTH
AMB . llepnenpukynssp EH, omnyleHHbIA

n3 Ttouku E Ha miockocte DFC, paBeH
MOJIOBUHE BBICOTHI TeTpasnpa MDFC, T.e.

paBeH (BpICOTAa JAHHOTO TETpa’apa

6
aBHA —— — IOKaXXUTE CaMOCTOSTENBHO).
3

Yron mexnay npsimoid DE HW TIIOCKOCTBIO
AMB pasen yriiy EDH, cuHYC KOTOPOIO

paBeH

PRI

DE 6 2 3

Omeem: — .

Hpumep 38. B npasurvrou wecmu-
yeonvrou nupamuoe MABCDEF, cmoponbl
OCHOBaHUs KOmopou pasHvl 1, a b6okoswvie
pebpa pasnvl 4, HAlIMU CUHYC Yelld MEHCOY
npamou BC u nnockocmvio EMD .

Pewenue. Taxk xak AD| BC, T0
(BC,EMD)  (AD,EMD) (cm. pwuc.
40). Haiinem sin  (AD, EMD).

MO 15  (cm.
anogema OOKOBOU rpa-

Bricota nupamubl
npumep 13). ML



Hu EMD. Beicora OH TpeyroiabHHKa
MOL nepneHauKyiaspHa miockoctu EMD

u OH \/E
7

Puc. 40

Torna npsmas HD  opTOroHajJbHass Ipo-
ekus npsmMod AD Ha mmockocte EMD n
U3 IIPSAMOYTOJIBHOIO TpeyroiabHuka OHD

sin (AD, EMD) O—H \/Ezl \/E
OD 7 7

Omeem: \/E

7

IIpumep 39. (EI'I, 2010). B npasunvroii
mpeyeonvhol nupamude MABC c¢ ochosa-

Huem ABC uszsecmuvl pebpa AB 73 ,
MC 25. Haiumu yeon, o06paszosanmbiii
NJIOCKOCMbIO OCHOBAHUSL U NPAMOU, NPOXO-
oswell uepes cepedurvl peoep AM u BC.

Pewenue. 1lycte D u E  cepenuHsl
pedbep CB u AM cootBeTcTBeHHO. Tak Kak
nupamuga InpaswibHaid, 10 AD CB n
MD CB. CnenoBarenbno, CB  ABC u
ABC AMD (no mnpu3Haky MepHeHAUKY-
JIIPHOCTH TUIOCKOCTEM).

Onyctum B mmockoctd AMD neprneHau-
Kymsippl MO n EF w3 touek M u E Ha
npsimyto AD  ABC  AMD (cM. puc. 41).
Tak kak AD  npsiMas mepecedyeHus Iep-
MEHIUKYJSIPHBIX IUIOCKOCTEH, TO MO wu
EF  nepneHAMKyJIspHBI K INIOCKOCTH OC-
HoBaHusA. Torma Touka O  OCHOBAaHHE BBI-
coTbl MO SABIISIETCA LIEHTPOM TPEYIrOJIbHUKA
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ABC n AO 48 7, OD 49 Z, a
V3 2 2
npsMas D opToroHanbpHas IPOEKLHUA

npsMoii DE Ha IUIOCKOCTh OCHOBAHMS.
Touka F cepeaquHa otpeska  AO
(EF||MO w EF  cpenmusisi IIMHUS Tpe-

yrosubHuka AMQO ). Torna
FD FO OD 7.

M

Puc. 41

BricoTy nupamMuabsl HaXOaUM M3 MPSMO-
YrOJBHOTO TpeyronbHuka AMO :

V252 72

MO NAM? AO?

Torma EF 12

Tak kak yros mMexay IpsiMOM U ILIOCKO-
CTBIO — YrOJI MEXIy IpsIMOA U €€ OpTOro-
HaJbHOM NPOEKIMEN Ha 3Ty IUIOCKOCTh, TO
13 MPAMOYTOJBHOTO TpeyrojbHuka FED
[IOJIy4aeM

24 .

EF 12

tg (ED, ABC)

. 12
3HAYHT, UICKOMBIN YTOJI paBeH arctg7 .

12
Omeem: arctg7 .



6CKMOPHO-KOOPOUHAMHBLIL MEM 00

VYros MexX Iy IpsSMOU / ¥ TIFIOCKOCTBIO
MOYHO BBIUHUCIUTH IO popMyJie

i p
|7

sin —
|7

WU B KOOPJAUHATHOU (hopme
|x1x2 V)2 lez|
\/ 2 2 2 \/ 2 2 2
XN 4 N )y 4

{x,, ¥, z,} — BEKTOp HOpMaJIU IJIOC-

sin ,
rue n
Kocth , p {x,,¥,,Zz,} — HaIlPaBIISIONINH

BEKTOp NpsAMOH /;

e mpsiMasi / U TUIOCKOCTb napajuieNbHBI
TOTJIa ¥ TOJIBKO TOT/Ia, KOT/Aa
XX, ¥y, zz, 0.
IIpumep 40. B  edunuunom Kybe

ABCDA,B,C,D, naiimu yzon mescoy npsi-
mouti AD, u nnockocmvio , npoxoosauyeu
yepez mouku A,, E u F, 20e mouxa E — ce-
peouna peopa C D,, a mouka F nexcum na

pebpe DD, , max, umo DFF 2DF .

Pewenue. BeneM npsMOYroibHYK CHC-
TEeMY KOOp/IMHAT, KaK yKa3aHO Ha pUCYHKe 42.

Puc. 42
Torma A(0;0;0), 4,(0;0;1), D,(1;0;1),
Etlal . Frolt . AD, {1;0;1},
2 3
—_ 1 —_ 2
AE 1;5;0 , AF L0 g . Ilyctp

n {x,y,z} — BEKTOp, NEPIEHANKYIIPHBIH

IJIOCKOCTH , — UCKOMBIU yroj. Toraa

www.alexlarin.narod.ru

‘AD, ﬁ‘
sin = ——.
4D, ||

BekTop 7 Haiinem U3 ycloBUM TeprieH-
IUKYJISPHOCTH OSTOTO BEKTOpa BEKTOpam

AE n AF ,T.e. u3ycnosun

n E 0, x 2 0, y o 2x,
. W
n AF 0 X 2 - 0 z 15x.
I[lyctb x 2, Torma y 4, z 3 u
n {2; 43, |n| +29. Tak kak

‘A—D]‘ J2udD i 12 0(4) 13 5

TO
) 5 5
sin )

V2 V29 458
.5
Otcrona arcsin ——.

V58

.5
Omeem: arcsin —— .

/58

Ilpumep 41. B npasunvhoii wecmu-
yveonvnou npusme ABCDEFA B C D, EF,,
pebpa komopoii pasHul |, Hatimu y2on me-

arcoy npamou AB, u nnockocmoio ACE,.

Pewenue. Benem npsMOYroiabHYK CHC-
TeMY KOOp/MHAT, KaK yKa3aHO Ha pUCYHKe 43.

Torna
A41;0;0 , B, l;
2

CocTaBuM ypaBHEHHE IJIOCKOCTH, MPO-
XOJAIIEN Yepe3 TOUKU

23



R
2’ 1 2’ 2’

A41;0,0 , C

N | —

HOHCTaBJ'ISIfI KOOPpAWHATBI 3TUX TOYCK B
oO111ee ypaBHEHHE TUIOCKOCTH

ax by cz d 0,

MIOJIy4aeM CUCTEMY

a d 0,
la £b d 0,
2 2
la ﬁb c d 0
2 2
Orcroma uMeeM a d, b \/gd ,

¢ 3d.lloacTtaBuM B ypaBHEHHUE IIOCKO-
CTU M coKpatTuM HA d 0:

x 3y 3z 1 0.
BexTop HOpManu noJiydeHHO! MIII0CKOCTH
n Al NEY 3}.
4

Torga sin , TIIe HCKO-

Gl

MbIH yrois. Umeem

i 4 226
V2 1313
2426
Ortcrona arcsmT

N_

Omeem: arcsin——

6EKmMOPHbBLIL MEM OO

Ilpumep 42. B npasunvHoll uemvipex-
yeonvnoti nupamuoe SABCD , ece pebpa
Komopoti pasuvl 1, Hatimu y2on mexncoy
npamou DE, 20e E — cepedouna anogemot SF
epanu ASB, u nrockocmoio ASC.

Pewenue. Tak xak npsmas OD nieprieHu-

KyssipHa Twiockoctd ASC, To Bektop OD siB-
asieTcst BEKTopoM HopMaiu 1tockoctu ASC.

ITycth AD G, AB b, AS ¢ (cMm.
puc. 44), rne |d@| |b| || 1, ab O,
ac¢ b ¢ |afcos60 05.Torma
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OD 04 4D l(a E)al(a b),
2 2
e — 11 1=
DE DA AF FE G —-b — ¢ —b
27 2 2
i 5 Lle
4" 2
pEob a +5 L 1z 1
47 27 27 2
la2152la5155112’
278 4 4 2 8 8
‘EE’ a L5 1g
4" 2
ac211p¢
42

[loncraBnss MONMy4YeHHBIE 3HAYCHUS B
DE OD

dbopmyity sin , AMEEM

W 245 3
8 V15 V30

3 .

Otcrona arcsin —— UCKOMBII

\/% rac

yTOJI.

.3
Omeem: arcsin —— .

V30



Memoo onopHvIxX 3a0ay

VYros MexX Iy IpsSMOH / ¥ TIFIOCKOCTBIO
MOYHO BBIUYHUCIUTH IO popMyJie
M,

sin ([, ) —

A (cM. puc. 45).

sin
rne M [,

M

A H

.

/

Puc. 45

Ilpumep 43. B edunuunom Kybe
ABCDA,B,C,D, naumu yzon mexcoy nps-
mou A B, u nnockocmvro BDC,.

Pewenue. Tax xak A4 B, ||D,C, n Touku
D, u O, nexar Ha npsamoil D B,, nmapai-
nenpHOU mockoctu BDC, (cMm. puc. 46), 1o
H0CJIE0BATEIBHO MOTY4aeM

sin (4,8, BDC,) sin (D,C,, BDC,)

(D,, BDC,)  (O,, BDC))
D]C] D]C]
RERRRE]
3 3
Orcroga (4B, BDC)) arcsin%.

. A3
Omeem: arcsmT.
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1.7. ¥Yroa Mexay mjiIoCKOCTAMH

o Jlgyepanmuslii y2oi, 0Opa308aHHbIl NOJY-
NJIOCKOCMAMU UBMEPAEMCsl BEIUYUHOL €20
JIUHEUHO020 Yela, Noiyuaemo20 npu nepece-
YeHUuu 08Y2PAHHO20 Y2la NIOCKOCMbIO, Nep-
NEHOUKYIAPHOU e20 pedp).

® Benuuuna 08yepanHHo20 yena npunaoie-
arcum npomexcymxy (0 , 180 ).

® Benuuuna yena mexcoy nepecekanoujumu-
CA NAOCKOCMAMU NPUHAOTEHCUM NpOMe-
acymky (0, 90 ].

o Veon wmexcoy o06ymsa napannenbHuIMu
NIOCKOCMAMU CUATACTCS PaBHBIM () .

NO3MANHO-GbIUUCTIUMETIbHBLIL MEM 00

PaccmarpuBaemsblli METOZ TIO3BOJIAET Ha-
XOJUTh MO3TAITHO UCKOMBIN YroJjl MpH pelie-
HUU U3BECTHBIX 3aj[ay, K KOTOPBIM CBOJUTCS
naHHas 3a1ava. [lepeuncnum THUIBI ATUX 3a-
7lay, CBSI3aHHBIX C HAXO0XKEHUEM yria:

® MEK]y MepeceKaloUMUcI IPSIMbIMU a

u b, nexauuMu B paccMaTpUBAEMbIX

IUIOCKOCTSAX M MEPHEeHIUKYISIPHBIMU HX

JUHUY nepecedenus (cM. puc. 47);

Puc. 47

® MEXIy MpSMBIMH, [apajlIeIbHBIMU
NpsIMBIM @ U b Wi Mexay b u npsmoi,
MapajieabHON a;

® MEXJy IUIOCKOCTSMH, MapajielbHbIMU
JAHHBIM IUIOCKOCTAM U WJIH MEXIY

U IDIOCKOCTBIO, NAPAJIEIBHON
® MCXKOY ICPICHIUKYIApaMH K IaHHBIM
IUIOCKOCTSIM.

® IIOCTPOCHHE JIMHEMHOTO yIa
ABYI'PDAHHOT'O YyIJjia

Pemrenne 3amaund 3TUM METOIOM CBOIUT-
Csl HETIOCPEJICTBEHHO K TIOCTPOCHUIO U BBI-
YHUCIICHUIO BEJIMYMHBI JTMHCHHOTO yIJIa JBY-
IPaHHOTO yrjla, 0Opa30BaHHOTO Iepece-
KaIOIUMHUCS IUIOCKOCTSIMH u . Coot-




BETCTBYIOIIMM JIMHEHHBINA YTrOJI CTPOUTCS C
MMOMOIIBIO JIBYX TEPICHIUKYISIPOB a U b,
MPOBEJACHHBIX B YKa3aHHBIX IIJIOCKOCTAX K
MPSIMOM WX TEpecedyeHus], a €ro BeINYnHa B
JTabHEHIIIEM HaXOAUTCS TM00 U3 HEKOTOPO-
r'0 IPSIMOYTOJIBHOTO TPEYTrOoJbHUKA, JTU00 U3
HEKOTOPOTO TPEYroJbHUKA C MPUMEHEHUEM
TEOPEMBI KOCHHYCOB.

Ilpumep 44. B npasunvHoli uemvipex-
yeonvroti nupamuoe SABCD , ece pebpa
KOmopoti paeuvl 1, Halimu 08Y2paHHbllL Y20l
MedHcody 0CcCHO8aHUuem u OOKOBOI 2PaAHbBIO.

Pewenue. llycte £ n K — cepenuHsl
pedep AD u BC cootBeTcTBEeHHO, O — IIEHTP
ocHoBaHuss ABCD (cm. puc. 48). Torna

SE AD, EK 4D U [I0OTOMY
SEK — JIMHEWHBIN YTOJI TaHHOTO JABY-
TPAHHOTO YIJIA.
Tak xak AD 1, OF %,SD 1, To
1
SE SD* ED? 1 2 g
COS OF 1 arccosL
SE 3’ V3
S
C
4 E
D
Puc. 48

1
Omeem: arccos— .

N

Ilpumep 45. B npasunvhoi wecmu-
V2ONbHOU nupamude, CMOPOHbL OCHOBAHUS
Komopoti paguel 1, a bokosvie pebpa pashvl
2, Hatmu KOCUHYCbl 08Y2PAHHBIX Y2108 NpU
OCHOBaHUU U NPpU DOKOBOM pebpe.

Pewenue. Paccmotpum  nmpamuny
MABCDEF. TlockonpKy mnHpaMuaa Iipa-
BUJIbHAS, TO PaBHbBI BCE €€ JBYIrpaHHbIE YI-
JIbl TIPY OCHOBAHUM U PaBHBI BCE YIJIbI MEXK-
Ny JOOBIMH €€ CMEXHBIMU OOKOBBIMM Tpa-
HaAMHu. Halinem, Hampumep, yroi Mexuay
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IJIOCKOCTBIO OCHOBAaHUSI U OOKOBOW I'PaHbIO
MAF wn yron Mexay OOKOBBIMH TpaHSIMHU
FME v MDE (cwm. puc. 49).

M

N

B ) E
A L F
Puc. 49

[Ipsimass AF — pebpo IBYrpaHHOTro yria
MAFE. ITycte O — 1eHTp OCHOBAHMS, TOIAA
MO — BwicoTa mupamunsl. Ilycte L — cepe-
nuHa otpeska AF, torma ML — anodema
rpanu AMF,

ML ~AM?* AL 1/4 % @

[To Teopeme 0 Tpex mepHEHANKYIAPAX TIPs-
Masg LO mnepnenaukynsipHa AF. Cnegosa-
TeNbHO, MLO — JIHMHEWHBIM Yroyl NBY-

V3

rpanHoro yrna MAFB. LO - TaK Kak

SIBJISIETCS. BBICOTOM PaBHOCTOPOHHETO Tpe-
yroibHuka AOF co croponoit 1. 13 npsmo-
YTOJILHOTO TpeyroybHuKa LMO Haxomm

LO 3 2 1
ML 2 15 5°

[Ipsimass ME — peOpo ABYrpaHHOTO yria
FMED. B tpeyronsnukax FME n MDE
MPOBEAEM BBICOTBI K CTOpOHE ME U3 ToYek
F u D coorBerctBeHHO. Ilockoisbky

FME DME |, TO 3TH BBICOTBI «COMIYT-
ca» B omHoM Touke N. ClemoBaTellbHO,

DNF — nuHENHBIN yroj JABYIPaHHOIO YI-
na FMED.

N3 paBeHcTBa TpeyronbHukoB FME u
MDE cnenyer paBeHCTBO BbICOT FFN u DN.
Haitnem FN. [lng 3TOro BBIYUCIUM IUIOMIAAb
tpeyroiapHuka FME. Ilockonbky amodema

cos MLO



rpann FME pasaa ML ——, S,

1415 s
2 2 4
Has Ha ME, paBHa:

I\)S‘
(V)]

, TO BbICcOTa IV, omyIleH-

2'SFME E

ME 4

FN

Jlanee, paccMOTpUM paBHOOEIPEHHBIN

tpeyroibHuk FDN. B uem FD 2LO V3.
Kocunyc yrma DNF MOXHO HaWTH, BOC-
[10JIb30BABIINCH TEOPEMON KOCHUHYCOB IS
cTOpoHbl DF:
FN* DN’ FD?
cos FND N N E
2 FN DN 5
TakuMm o00pa3oM, HCKOMBbIE KOCHHYCBHI
NBYTPaHHBIX YIJIOB NPU OCHOBAaHUHM U IpH

1 3
OOKOBOM peOpe paBHbI — M 3 COOTBET-

J5

CTBCHHO.

Omeem: ! u é
NERE

Tak kak B MOJOOHBIX TelaX COOTBETCT-
BYIOIIME YIJIbl PaBHbI, a JUHEHHbIE 3JIEMEH-
Tbl (CTOPOHBI, BBICOTHI, MEIWAHbl U T.II.)
MPOMOPLHUOHANBHBI, TO MpPHU BBIYUCICHUU
YIJI0B B Kakoi-mm60 koHpurypauuu (00by-
HO B TpPEYroJIbHUKE) BaXXHO YYUTHIBATH
JUIIb OTHOLIEHUE JJIMH COOTBETCTBYIOIIMX
oTpe3koB. [loatomy, eciu Bce JMHEHHBIE
3JIEMEHTHI KOH(UTYpalMK 3aBUCSIT OT OJIHO-
ro mapamerpa, T0 MOKHO NPUHUMATH 3Ha-
YeHHE 3TOr0 IapameTpa paBHbIM KaKOMY-
HUOyab uyuciy. B uactHocTH, B KyOe mpu
HAX0XJCHUU YIJIOBBIX BEJIMYMH YacTO IIO-
JIaraoT JUIMHY €ro pedpa paBHbIM €IUHHUIIE.

Ilpumep 46. B xyoe ABCDABC.D,
Haumuy y20i1 Mexucoy NIOCKOCMAMU CeYeHUll
ABC,\D u CBAD.

Pewenue. Ilycts peOpo kyba paBHO 1.
IIpamas B\ D — nuHMA nepecedeHus Ioc-
kocredl ceuennit AB,CD n CBAD, Ttak
Kak B, u D — ux obuue Touku (cM. puc. 50).
B npsAMOyroJIbHBIX TpeyroiapHukax B,4D n

B,C,D 1npoBeneM BBICOTBI K TUIIOTEHY3€
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B.D wu3 touek A, m C, COOTBETCTBEHHO.
ITockonbky Tpeyroasuuku B, 4D u B,C.D

PaBHBI, TO 3T BBICOTBI «COMIYTCA» B OAHOM
touke N. CnenoparensHo, A NC, — nu-

HEIHbIN yrou aByrpansoro yria A4,B8,DC; .

B] C]
AN
/1 z
1 -
Al ’ 1 =
TR
""7’~~me' N
U ] \\_N AN
/ 1 N
|
/ ! \\ AN
l, | 1 \\
— e _ _
/I -7 k\ \ C
/ e \
1 -7
Puc. 50

ITockosbKy IPSMOYIOJIbHBIE TPEYTOJIbHHU-
ku B AD n BC,D paBHBI, TO paBHBI U BbI-

cotel AN n C|N, omyleHHBIE HA THIIOTE-
Hy3y B,D . JInuHbl yKa3aHHBIX BBICOT MOKHO

HaliTu, HampuMep, yepe3 IJIOoIaib JIIo00ro
U3 3TUX TPEYTOJIbHUKOB!

Jlanee, paccMOTpUM paBHOOEIPEHHBIN
tpeyronbHuk ACN. B mem AC, V2.
Haiiném yron A;NC,, BOCHOIb30BaBIIUChH
TEOpEeMON KOCUHYCOB Julsl cTOpoHbl A4,C, :

AN® CN* AC!
2 AN CN

2’ 2’ ,
ARG
BT
3 V3
2

Otcroma  A4,NC, 3

cos ANC,

0,5.

CnenoBarenbHO, UCKOMBIM Yrojl Mexay
IUIOCKOCTAMU cedenuit 48, D u BCD pa-

BEH — .

Omeem: — .
3



IIpumep 47. B npasunvrou mpey2oibHOol
npusme ABCA B,C, bokosoe pebpo pasno b,
a cmopoHa ocHosanus a. Haumu xocunyc
yena mexcoy nnockocmamu ABC, u A B,C.

Pewenue. IlocTporM JNMHHAIO IEPECEUECHUS
wiockocted ABC, nu A B,C (cMm. puc. 51).

A

Puc. 51

Huaronamu AC;, m AC B OOKOBOH IpaHH
AA,C,C npu3Msl niepecekarorcs B Touke D u
JEJATCS. 3TOM TOYKOM momnoiaM. AHalorud-
HoO, tuaroHamn BC, n B,C B G0KOBOM IpaHH
BB,C,C npu3sMbl nepeceKaroTcs B Touke £ u
TaKKe ACIATCS dTOW TOYKOM momnosam. Toud-
ku D n E — oOmue Touku miockocred ABC,
u A B,C, nosromy npsmas DE gBisieTcs u-
HHEW ux nepeceuenus. Kpome toro, oTpe3ok
DE sBnsercst cpenHeil JMHUEW paBHOOeE-
peHHbIX TpeyrosbHukoB ABC, n A4 BC, a
3HauuT, DE | ABu DE || A4,B,.

PaccMoTpuM  paBHOOEIpEHHBIE  Tpe-
yroasaukn C,DE u CDE. OHu paBHBI IO
TpeM crtopoHaM. IIpoBenem B 3THX Tpe-
yrosibHuKax Meauanel C;N u CN k oOuiemy
C,N DE u

C\NC — nu-
HelHbIN yrou asyrpanHoro yria C,DEC.

ocHoBanuro DE. Torna
CN DE . CnenoBaTelbHO,

Haiinem teneps xocunyc yrma C,NC. C
3TOM LENbI0 PACCMOTPUM PaBHOOEAPEHHBIH

tpeyronbiuk C,NC. B nwem CN
o M \JCB? MB} \3a> 4b*
2 2 4 ’

CC, b. Bocnosib30BaBIINCh TEOPEMON KO-

cUHYCOB Ui CTOpoHbl CC, , NOIY4YHM:

3a® 4b°

3a*

C,N* CN* CC}
2 CN CN

cos CNC
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B paccmarpuBaemMom npumepe Tpedyercs
HallTM KOCHHYC yIyla  MEXAY IUIOCKOCTS-
mMu ABC, nu A4 B,C. Bcraer 3aKOHOMEpHBII
Bonpoc. Hamum mu Mbl KOCHHYC TOrO yria,
KOTOPBIN TpeOyeTcsl B YCIIOBUU, WIIU 7K€ HaM
HE00X0/AUM KOCHHYC CMEKHOTO ¢ HUM yrja
C,NM (xcratu, Ha puc. 51 gepes 000-

3HaueHa BEJIMYMHA UMEHHO 3Toro yria)? Ha
3TOT BOMPOC MOXKHO OTBETHTH CJIETYIOIIUM
obpazom. CormacHo oOmpeneNeHuIo yria
MCXKAY IINIOCKOCTSAMHU, €0 BCIMYHMHA MOXKCT

ObITh B mpenenax ot 0 110 > T.€. KOCHUHYC

TaKoTO yIJIa JOJDKEH OBITh TOJIOKHUTEb-
HeiM. [loaTomMy, eciu 3¢’ 4b* 0, TO

2 2
4
cos cos C,NC %, eclii  XKe
a
3 4b*> 0,710
4 2 2
cos cos C,NM %
3a® 4b

(HOCKOJ’IBKY KOCHMHYCBI CMCKHBIX YIJIOB
paBHBI TI0 a0COJIFOTHOHM BEJIMYMHE W MPOTH-
BOIIOJIOKHBI MO 3HAaKy). Takum o00pazom,

13a®  4b* |
OKOHYATEeJBHO: COS  ——————.
3a© 4b
2 2
4
Omeem: 3az—bz|.
3a© 4b

e lcroap30BaHue MapajuieIbHbIX
H| )AMBIX

B HekoTOphIX 3aja4ax NMOCTPOCHUE JIU-
HEWHOIO yrija 3aTpyaHuTensHo. M Torna
BMECTO JIMHEHHOIO YIjla MOXHO pPaccMOT-
PETH YroJl C COOTBETCTBEHHO NapajllesIbHbI-
MU CTOpOHaMu 110 OTHOLICHHIO K JIMHEHHO-

My yriy.
IIpumep 48. B xyoe ABCDAB,CD, c

pebpom, pasHvim a, yepez mouku M na peo-

pe BB, u N na DD, makue, umo BM 3a

u DN %, napannenvno AC nposedena ce-

Kyuasa naockocmo. Onpedenums y2on medxc-
0y cekyweti NIOCKOCMblI0 U NIOCKOCHbIO
ABC.



Pewenue. Iloctpoum ceueHue KyoOa
IIJIOCKOCTBIO, MPOXOAIEH Yepe3 TOUku M u
N napamensHo AC (cm. puc. 52).

A

Puc. 52

C aT0i1 11eNIbI0 PacCMOTPUM JUATrOHANb-
Hyto mockocts AA,C, . Coequnum Touku M
u N, rorna A4 C, MN O, rae touka O —
cepennHa otpe3ka MN. IlockonbKy, coriac-
HO YCIJIOBHIO, CEKyllas IUIOCKOCTh Hapai-
nenbHa AC, TO npsiMast / ee mepeceueHus
mwiockoctelo  A4,C, Taxxke Oyner mnapai-
nenbHa AC. TloaTOMy npoBezeM uepes3 Tou-
Ky O mnpsamyio QP (QP || AC). Coenunus
MOCJIEI0BATENLHO OTpe3KkaMu ToUku O, M, P
u N, nonyuum ceuenue OMPN. Tak kak ce-
Kylllasg IUIOCKOCTh IIepeceKaeT Mapajieib-
HBIC TpaHW Ky0a TO TapauieNbHBIM TIpsi-
MBbIM, TO 4YeThIpexyroibHuk QMPN sBiser-
Csl IapajieIorpaMMOM.

B kBagpate ABCD nuaroHanu InepreH-
mukyisipabl ( BD  AC), 3naumr, BD [.
IIposeneM B mtockoctu BDD, npsmyro KN,
napaiuiensuyto BD. Torna KN [ . lpsamas
BD sBnsercs npoekuuen HakKIoHHOM MN Ha
mwiockocte ABC, mosToMy 1Mo Teopeme O
Tpex mnepneHaukyisapax MN [. Ilpsamas
MN nexur B miockoctu MPNQ, a npsimast
KN mnapannensna miockoctu ABC . Cneno-
BaTeNIbHO, Yrost KNM paBeH JTMHEHHOMY yIIIy
HCKOMOTO JIBYTPaHHOT'O yriia (Kak yIjbl ¢ CO-

OTBETCTBEHHO NapaljIeJIbHBIMU CTOPOHAMM).
IIycte  MNK , TOr1a

w4 S
BD 2 4

2
Omeem: arcth.
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® JVCIIOJHb30BAHHMC NNApAJJICIbHBIX
IIOCKOCTEH

B HexoTophIx 3amauax sBisieTcs 3¢ dek-
THUBHBIM ITOJIXO/JI, IPH KOTOPOM BMECTO yIJia
MEXTy MePECEKAIONUMUCS TUIOCKOCTSIMH
U HUIIETCS YroJI MEX]y TUIOCKOCTSIMHU, Tia-

pajUIeIbHBIMU PAacCMAaTPUBAEMbIM (WM Me-
K1y OJTHOM U3 aHHBIX IUIOCKOCTEH U IIIOC-
KOCTBI0, TApaJuIeIbHON JPYroi U3 HUX).

IIpumep 49. B kybe ABCDA,B,C,\D,
Haumu Y201 Medxdcoy NI0CKOCMbIO 2PaHu
AAB,B u nnockocmvio BC\D.

Pewenue. Tax Kak 110CKoCcTh AA B, ma-

pamtenbHa 1maockoctd DD,C;, TO HCKOMBIH

Yyroil paBeH YLy MEeXIy IUIOCKOCTSIMU
BC,D n DD/, (cMm. puc. 53). luaroHanu

IrpaHd Ky0a MNEpHeHIUKYISIPHBI M TOYKOM
nepecedeHus: Aenarcs mnomnojam. [lostomy
EC DC,, rne touka E — cepenuHa OT-

peska DC,. Taxxke BE DC,, Kak BbICOTa
paBHOCTOpPOHHEro TpeyroiabHuka BC\D.

CnenoBarenbHo, yrol BEC ecTb TUHEHHBIN
yrosa  aByrpanHoro yria BDC,C.

Tpeyronsauk BEC
(BC DDC/)un BCE

pebpo kyba paBuo 1, Torma BC 1,

MPSAMOYT OJIbHBII
npsmoi. Ilycts

gc b€ L
2 2
CnegoBaTenbHO,
tg BC 1:L V2.
EC 2
Orcrona arctg V2.
B, C
A] l DI ,//,
| e
L
| -
Blell [
’/,”,k\\\ C
y D
Puc. 53

Omeem: arctg\/z .






C,

B, D,

-
.
AP,

*

Q‘n.‘:. —_—

Puc. 57

Pewenue. Tax xak npsimas B.D neprieH-
JTUKYJISpHA MPOBEIEHHON IUIOCKOCTU (Ha
puc. 57 3Ta IIOCKOCTh U300pa)keHa yCJIOB-
HO), anpsamass CD  AAD, (CD D,D Tax
Kak npusma 1 CD  AD Ttak xak ABCD
MPSIMOYTOJIBHUK), TO YIOJl MEXAY paccMar-
PUBAaEMbIMH IIJIOCKOCTSIMU PaBEH YTy MEX-
oy npsamseiMa B.D u CD.

TaHresc 3Toro yria HaijemM U3 MpPSIMO-
YTOJIbHOTO TpeyroJibHUKa CB.D

(CD AAD,, cneposarensho CD  B/C).
Tak kak ckpemuBaromuecs npsameie 4,C, u

BD nexat B mapaJiieIbHbIX IJIOCKOCTSX, TO
paccTosiHuEe MEXIYy HUMH PaBHO paccCTos-
HUIO MEXIY STUMH TUIOCKOCTSIMH. 3HAYHUT
BBICOTA U OOKOBOE pPeOpO MPU3MBI PaBHBI

V3. Torma BC +BC* BB 6 u uc-
y BC 6
KOMBIM TAHI'CHC PaBE€H —— — .
cD 5

Omeem: 1,2.
6CKMOPHO-KOOPOUHAMHBLIL MEM 00

[IpuMeHeHHe TaHHOTO METO 1A TT03BOJISIET
CBECTH PCIICHUE NCXOTHOW 3a7adu K 3ajaue
0 HaxOXXJCHHUH yIJIa:

a) MEXJIy BEKTOpPaMH HOpPMaJIel JTaHHBIX
MIOCKOCTEH;

0) MeXIy HalpaBISIOMIMMH BEKTOPAMHU
CKPEIIHUBAIOIIHUXCS TIPSIMBIX @ U b, JTeKaIIIX
B PacCMaTPUBAEMBIX TUIOCKOCTSIX M IEpIICH-
JTUKYJISPHBIX K UX JTHHUH [TePECCUCHUS.

® 1ICII0Ib30BaHNE BEKTOPOB HOpMAJIei
IIEPECEKAIONINXCS IIIIOCKOCTEH

JIx060i1 HEeHyneBOU BEKTOP, NEPIEHIUKY-
JISIPHBIH IIIOCKOCTH — €€ BEKTOP HOPMATU.

www.alexlarin.narod.ru

31

N3BecTHO, YTO KaXJ0€ ypaBHEHHE Mep-

BOM crenenu px qy rz d 0O mpu ycrio-

2 2 2
BUM p~ q° T

0 3amaer B mpsAMOYroJjb-
HOM CHCTEME KOOPJAMHAT E€IUHCTBEHHYIO
IJI0CKOCT, TUISt KOTOpOit BEKTOP
n {p,q,r} SBISICTCS BEKTOPOM HOPMAJIH.
3ajadyy O HaXO0XKJACHUU YIyla MEXIy
IUIOCKOCTSIMU U, 3aJJaHHBIMU YypaBHe-

HUSMHU px qy rnz d, 0 u
px @,y nz od, 0
ynoOHee CBECTH K 3a7ade O HaXOXIACHUHU
yriaa MeXIy BEKTOpaMH WX HOpMalei

n {p]’ q,, r]} v 7 {pza ‘b’rz}’ HCIIO0JIb-

COOTBETCTBEHHO,

3yst opmyy
|n 7|
cos (, ) ———=
|n | |n |
|p1p2 99> ’”1’”2|

2 2 2 2 2 2'(1)
\/pl 9 nh \/pz 9, n

Ipumep 53. Hatimu yzon medxcoy nioc-
KoCcmsamu 2x 3y 6z 5 0 u

4x 4y 2z 7 0.

Pewenue. Bexrtoper 1, {2;3;6} wu
n, {4;4;2} — BEeKTOpHI HOPMaEH IIOCKO-
cTen 2x 3y 6z 5 0 "

4x 4y 2z 7 0 COOTBETCTBEHHO.
Torna mo ¢gopmyne (1) kocuHyc yria
MCXKAY JaHHBIMHU IIJIOCKOCTSAMMU pPaBCH:

cos —Lﬁ] ﬁf|
|| |7,
|24 34 6 2] E
V4 9 36 416 16 4 21
Otcrona arccosE .
21

Omeem: arccosE .
21

Ilpumep 54. B xyoe ABCDA B,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
BCD.

Pewenue. Ilycth AD a, AB b ,
A4, ¢ (em. puc. 58), rae |a| |b|

1¢| 1,ab ac¢ bé o.



Puc. 58

_—

Bekropsl B—D; n CA, SBIAIOTCA BEKTO-
pamu Hopmaiu ockocreit AB,C u BC,D
COOTBETCTBEHHO, Tak Kak BD, ABC n
C4, BC,D.Torna

BD, G b ¢,C4 d b

BD, CA (@ b &)(d b 0
a b & o1,

\B_D,’\ JG@ b &y @ b & 3,

\c?,\ JCa b ey @ b & A3,

‘B—D; (71]‘ ! l OTtkynma

] T 5

¢,
b

CoS

1 .
arccosg , Tae HCKOMBIHN yroJl.

1
Omeem: arccosg .

Ilpumep 55. B npasunvnou nupamude
MABCD (M  sepwuna) évicoma u cmo-
pona ocnoeanus paeusl 4. Touka F cepe-
ouna peopa MC . [Inockocmb  npoxooum
yepes cepeduny peopa AM nepnenouxy-
aspHo npamou BF . Haiimu yeon medxcoy:
a) nioCcKoCcmbuio U NIOCKOCMbIO 0CHOBA-
HUs; 0) niockocmoio U npamou DM .

Pewienue. Tak xak npsmas BF , TO

—_—

€€ HaIpaBJAINUNA BEKTOp BF  sABisercs
BEKTOPOM HOpPMaJM IUIOCKOCTH  (CM. pHC.
59). Touka O ocHOBaHHE BBICOTHI MO,

CJIEI0BATENIbHO, BEKTOp OM sBIIAETCS BEK-
TOpOM HopMmayu Iockoctu ABC. Torna
IIOJIy4UM
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| BF OM |

COoS ( ,ABC) —_—.
| BF| |OM |

(*)

COOTBETCTBEHHO, ISl HAXOXKJICHHS YIia
MEXIy npsiMoil DM ¥ INTIOCKOCTBIO  BOC-
noJb3yeMcst GopMyIoi:

| BE DM |

simn ( ,DM) ———.
| BF| | DM |

()

Beenem cucremy koopaunat Oxyz cie-
ayromuM obpazom. Ilycts Hayano koopau-
HaT HaXxOJIUTCS B IIEHTPE OCHOBAHUS B TOUKE
O, 0Chb X TPOXOAUT "epe3 TOUKy O Tapa-
nensHO pedpy AD, ochb y MPOXOIUT Yepes
Touky O mapaieabHo pedbpy AB, och z

IIPOXOJUT 4epe3 TOuKy O MNEepIEeHAUKYIAp-
HO IUIOCKOCTH OCHOBaHHUsA (cM. puc. 59).

Puc. 59

Haitnem koopauHaThl TOYEK U BEKTOPOB:
0(0;0;0), B( 2;2;0), C(2;2;0),
M(0;0;4), F(1;1;2), D(2; 2;0).

Torna

BF {3; L,2},|BF| J9 1 4 14,
OM {0,0;4},|OM| 4,
DM { 2;2;4},|DM| 4 4 16 246.
Ucnonb3ys Gopmynsl (*) u (%), moiy-
YUM

130 (D0 24 2

cos , ABC ,
( ) V14 4 V14
) 13(2) ()2 24
sin , DM 0.
( ) V14 246
Omeem: ( ,ABC) arccosi
* ) \/ﬁ 9

( ,DM) 0.



[IpuBeaeM ouH U3 c1ocoOOB MOJTyYEHUs
YpaBHEHHUS IJIOCKOCTH, €CJIM HU3BECTHBI KO-
OpAMHATBl Tpex ee Touek M (X, Vi, Z,),
N(xy, Yy 2y)s P(Xp, Vp, Zp) , HE IEKAMUX
Ha OJHOM mpsAMON. /[ 3TOro HyXHO B35Th
B 00meM BHJE YypaBHEHHE IUIOCKOCTH
ax by cz d 0, B xoropom a,b,c,d —
HeusBecTHbIE uncia. [lofcTaBuB B HETo Ko-
opauHaTel Touek M, N, P, moay4um cuc-
TEMY YPaBHEHUI:

ax,, by, cz, d O,
ax, by, cz, d 0,
ax, by, cz, d 0.

rd
(ecm okaxercs, yto d 0, TO a pc,
0, To a pb). llon-

PemuB ee, maitnem a pd,b qd,c

b gc;ecmm d c
CTaBUB B HCXOJIHOE€ YpaBHEHHE U COKpaTHUB
Ha d (0, MoiIy4uM ypaBHEHHUE

px qv rz 1.

BriBenem, Hanpumep, B BRIOpaHHOM CHC-
TeME€ KOOpAWHAT YpPaBHEHUE IUIOCKOCTH,
npoxozasmeil yepes touku B, D u C, (cm.

puc. 60), eciu pedpo kyda paBHO 1.

Z% B, G
1 7
A; : Dl,’/ II
1 A 1
1 R4 Il
i B, ]
: y y II
S LS
SS_ 1
= -
A D X
Puc. 60

JIJIsE 3TOTO BBIPAa3MM KOOPIAMHATHI TOYCK:
B(0;1;0), D(;0;0), C/(1;1;1). 3anucas B
o0meM BHJE ypaBHEHHE  IIOCKOCTH
ax by c¢z d 0 wmmnoxacraBuB B HETO KO-

OPJMHATHI ITUX TOUEK, HOITYIUM:
a0 b1l ¢c0 d 0O,
al b0 ¢c0 d 0O,
al b1l ¢l d 0. (0ramouxuC))

(012 mouku B)

(012 mouku D)

d,a

IIJIOCKOCTH

d u ¢ d. YpasHe-
BC,D

Otcroga b

HHUEC nuMeeT BH ]I
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dx dy dz d 0 um

nociie cokpamenuss Ha d = 0.

B 3agadax Ha BBIUMCIIECHUE yria MEXIY
MEPECEKAIOIMMHUCS TIIIOCKOCTAMU B 0OIIEeM
cilydae ypaBHEHHWE IUIOCKOCTH HAXOJWTh HE
Tpedyerca. KoopauHatel BeKTOpa HOpMaH
MOYHO BBIBECTH, €CJIM U3BECTHBI KOOPAUHA-
Thl TPEX TOYEK IIockocth M, N, P, He ne-

x y z 10

JKaIUX Ha OJHOU mpsMoit. [{ns 3Toro Haxo-
AUM KOOPAUWHATEI IBYX BCKTOPOB IINIOCKOCTHU
a MN {a,a,,a;} ub MP {b,b,,b,}.
[Ipeanosoxkum, 4T0 BEKTOpP C KOOPAHMHATA-
mu n {p,q,r} (30ecb p,q,r — HEU3BECT-
HbIE YHUCJa, KOTOpPhIE HY)KHO HAWTH) Tep-
MEHAUKYISIPEH JII0OOMY BEKTOPY INIOCKOCTH

,T.e. 4 u b BTOM uncie. Ero KOOPIUHA-
Thl MILYTCS W3 YCJIOBUM PAaBEHCTBA HYIIO
CKaJISIPHBIX MPOU3BEIACHUM 7 C BEKTOpAMHU

a u b u3 cnenyromie cucteMbl ypaBHEHUMN:

S
IS

0, ap aq ayr 0,
0; bp bygq br O.

S
S

OTa cucremMa UMeeT OSCKOHEYHOE MHO-
JKECTBO PELICHUM, TaK Kak BEKTOPOB, IEp-
MEHAUKYISPHBIX TUIOCKOCTH , OECKOHEYHO
MHOrO. BbIpa3uB, Hampumep, U3 CHCTEMBI
KOOpJIMHATBl p U ¢ 4epe3 r, BbIOEpeM He-

HYJIEBOM BEKTOP n {p(r);q(r);r}, B3dB B
KayecTBe » Kakoe-HHOyJb 4Huciio (0OBIUHO
O0epyT Tak, 94ToOBI B KOOpAMHATaX HE OBLIO
npoOei UiIu pauKaioB).

IIpumep 56. B edunuunom Kybe
ABCDA,B,C,D, nauimu yeon medcoy nioc-
kocmamu ADE u D, FC, 20e mouku E u F
— cepeounvl pebep AB, u B,C, coomeem-
CMBEHHO.

Pewenue. Beenem NpsIMOYTOJIBHYIO CHUC-
TeMY KOOp/IMHAT, KaK yKa3aHOo Ha pUCyHKe O1.

Torma A(0;0;0), C(1;1;0), D,(1;0;1),
E 0;1;1 , F l;1;1 , AE 0;1;1 ,
2 2 2

—_— — — 1
AD, {1;0;1}, CD, {0; L1}, CF 5;0;1 .

Haiinem Bextop n  {x, y, z}, neprneHu-

KYJSIpHBII mockoctd AD E. DTOT BEKTOp



JOJKEH OBITh MEePHEHIAUKYISIPHBIM BEKTO-

pam AE u A—D; , IOATOMY

i AE 0 % z 0 y 2z
n 222 0 v 2 0 X oz
Z)
4,
A
Puc. 61
Ilyctrb z 1, Torma x 1, y 2 nu

n {l;2; 1}.Haiinem Bextop m {x, y, z},
MIEPIEH IUKYIISIPHBII D FC.
DTOT BEKTOp JOJIKEH OBbITh MEPIEHIUKYJIISAP-

IIJIOCKOCTH

R ——

HbIM Bektopam CD, u CF , nostomy

nﬁC—D; 0, Y 0, y oz,
X

i CF 0 z 0 x 2z

N

2

Ilyctb z 1, torma x 2, y 1 mn

m {2;1;1}. Jlng HaXoXJIeHUs HCKOMOTO

yria HCIIOJIb3YeM bopmyny
7 |
cos ——— . Tak kak
7] ]
im 12 21 (1)1 3,]i| /6,
| m | V6, 1o cos 0,5, oTkyma 60 .

Omeem: 60 .

Ipumep 57. Jaun xy6 ABCDA,B,C,D,.
Haiimu yeon meancoy naockocmamu MNP u
AKD, 20e mouxku M — yenmp epanu AA BB,

N — cepeouna pebpa B/,C,, K — cepeduna
peopa CC,, P — denum pebpo DD, ¢ om-
nowenuu DP:PD, 1:2.

Pewenue. Benem cucremy KOOpPIWHAT
cienyomumM oopasoM. Touky 4 mpumem 3a
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Hayano koopauHat. Ocu Ax, Ay u Az Ha-
IIPaBUM BJIOJIb pebep kyOa AD, AB u A4,

COOTBETCTBEHHO (cM. puc. 62). [lycts pebpo
Ky0Oa paBHO 1. Beipazum KoopauHaTHl TOYEK:

A(0;0;0), D(1;0,0), K(1;1;0,5),

M 0;1;l , M l;1;1 , P 1;0;l
2°2 2 3
zAh
B, N Ci
AI "Ii /D]
N ! y K
A/[/‘ ]
Y P
j 25 o
A D X
Puc. 62
Haiinem koopanHaThl BEKTOPOB:
MN l;l;l ,m K l; 1
222 26

AD {1;0,0}, AK {1;1;0,5}.

Tenepp HalEM KOOPIMHATHI BEKTOPOB
n, U n,, NEPHCHIUKYIAPHBIX IUIOCKOCTIM
MNP n AKD cootBercTtBeHHO. Haunem c
BekTopa 1, {p,,q,,1%}. Ero xoopamHatsl
WIYTCS M3 YCIOBUN PAaBEHCTBA HYJIO CKa-
JSIPHBIX TIPOM3BENCHUH 74, C BEKTOPaMH

MN u MP . [Tony4yaem cucremy
0,5p, 0,5¢, 0,551, O,

i, MN 0,
. 1
i, MP 0; pi 0.5¢, o 0;
2 7
D 5’]"]1 5’”1-

Ora cucremMa uMeeT OECKOHEYHOE MHO-
KECTBO PELIEHHH, TaK KaK BEKTOPOB, Iep-
NeHAUKYISpHBIX IIockoctu MNP, Gecko-
HEYHO MHOro. BpiOepeM U3 1aHHOrO MHO-
’KECTBa HEHYJEBOH BEKTOp 7, IOJOXHB

rn 9. Torman {2, 7;9}.
Haiinem Ttenepp KOOpAMHATBI BEKTOpa
y, {Psrqy 1}, MEPIEHUKYIIPHOTO

II0CKOCTH AKD. Ero KOOpAMHATHI MIYTCS
U3 YCIOBHM DPABEHCTBA HYIK CKaJISPHBIX

pou3BeNIeHNH 7, ¢ BekTopamu AD n AK .



[Tonygaem cucremy

n, AD 0, p, 0g, 0r O,
;; AK 0; P, 4, 05r, 0
P, 0,9, 05n,.

Bosemem r, 2. Torma n, {0; I;2}.
JIns HaxoXKIEHUs yria MEXIy IJIOCKO-
ctsamu MNP n AKD Bocnionb3zyemcst popmy-
no# (1):
cos (MNP, AKD)

10 7 18|
V4 49 81 40 1 4

125
134

/12
Orcroma (MNP, AKD) arccos 13—2

[125
Omeem: arccos.,—.
134

® HMCIIOJb30BAHUEC HAIPABJIAOIINX
BEKTOPOB CKPCIIMBAIOIINUXCA ITPAMBIX

HenyneBoit BeKTOp ¢ Ha3bIBaeTCs Ha-
npasisAowumM BEKTOPOM NpsIMOM [, €ciid OH
JeXUT 00 Ha camoil mpsiMoi /[, nmubo Ha
MIPSAIMOM, TApAJIJIEIBHOM €.

lyete b (%, 020 1§ 1%, 15,5
— HAIpaBJISIOUIME BEKTOPHI MPSMBIX a U b,
TOTJIa YTOJI  MEXAy 3TUMU NpsAMbIMH (Tie-

PECEKAIONIMMUC WU CKPEUIUBAIOLIUMUCH)
HaxoJAT 1o hopmyre:

|x1x2 N2 lez|

2 2 2 2 2 2
\/xl Yoz \/xz Y2 2z

Ilpumep 58. B ocunosanuu nupamuov
MABCD neaxcum npamoyeoabHUK ¢ OMHO-
wenuem cmoporn AB:AD 1:2 (cm. puc.
63). Kaowcooe 60kosoe pebpo HAKIOHEHO K
NJIOCKOCMU OCHOBAHUS NOO Y210M, PABHbIM
60 . Touxa R — cepeouna peopa MC .

Haiimu yzon meocoy nnockocmamu MAC u
ADR.

COoS

2)

Pewenue. Ecniu cuurtath, uto AB a,
Torga AD 2a, W Bce IMHENHBIE DJIEMEHTHI

B nupamujie OyayT 3aBUCETh OT OJHOTO Ia-
pamerpa a. IloaToMy, He Tepsis OOIHOCTH, C
TOYHOCTBIO [0 TOJAOOMS MOKHO HPHUHSTDH

AB 4. Torma AD 8, OM 2415, tne
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O — TOuKa mepecedeHusl AuaroHaueu mnps-
MOYTOJIbHUKA, JIEXKAIIETO B OCHOBAHHH.
Bepmmuaa M nwmpamuaet MABCD 1po-
exThpyercsi B Touky O. BBemem cucremy
KOOpJAMHAT clleAyoIuM oopasoM. Touky O
npuMeM 3a Hadajno koopauHaT. Ocu Ox u
Oy HanpaBUM MapajlieIbHO CTOPOHAM OC-

HOBaHUs, a ocb Oz
munasl OM .

BAOJIb BBICOTHI IMHUpa-

Puc. 63
BeIpazum koopauHATHI TOYEK:
AC 4, 2;0),  B( 4,2,0), C(42;0),

D(4 2;0), M(0;0;2415), R(2;1;/15).

Otpe3ok AR sBisieTcs BBICOTON B paB-
HOCTOpOHHEM TpeyrojpHuke AMC, no3to-
My mnpsmas MR meprneHIuKyiaspHa pedpy
AR wuckomoro nsyrpanHoro yria. IIpose-
neM B TpeyronbHuke ADR Boicoty DH. To-
IJa 3ajadya CBEIETCA K HaXO0XKJACHHUIO yria
Mexay npsameimu MR v DH.

Haitnem KoopauHAThl BEKTOPOB:

MR {21 15}, 4R {6;3;/15},
DA { 80;0).

Tak xak BCKTOPEI ﬁ u ﬁ KOJIJIMHEC-
apubl, 10 AH k AR {6k, 3k, 15k} .
Jlanee u3 paBeHcTBa DH DA AH OJTy-
waem DH {6k 8;3k; \/Ek}. Teneps, uc-
MOJIb3Ysl YCIIOBUE DH AR, umeem ypaB-
6(6k 8) 9k 15k 0. Orcroma
k 08 uDH {3,2;2,4; 0,8/15}.

Tak kak MR wu DH — HamnpaBisiomue
BEKTOPBI NMpsIMbIX MR u DH cOOTBETCTBEH-
HO, TO JJI1 HaXOXJEHUs yria MEXAYy 3THMH
MIPSIMBIMHU BOCIIOJIB3yeMcsl hopmyinoit (2):

HCHHUC



| 6,4 2,4 12 1

COS

3HAuuT, Yroia Mexay npsMeiMu MR u
DH, u yron Mexay HaHHBIMU IUIOCKOCTSIMU

ABCH —.
P 4

Omeem: —.
4

Memoo onopHvIxX 3a0ay

Hcnonb3yem crienyromniye onopHble 3aja-
4l (TEOPEMBI):

a) TeopemMa O IUIOMAA OPTOTOHATHHOU
MIPOEKIIUH MHOTOYTOJIbHUKA;

0) TeopemMa «KOCHMHYCOB JJIsi TPEXIpaH-
HOTO YTJIay;

B) TEOpEMA «O TPEX CUHYCAX);

r) (GopMynbl, BBIpAXKAIOLIME CHUHYC WU
KOCHHYC MCKOMOTO YIjla 4epe3 pacCTOSHUS
OT TOYKH JIO TDIOCKOCTH U JIO TIPSIMOHA.

® [TPUMCHCHHUEC TCOPEMBI O TIIIOIITAaN
OPTOTOHAJIBHOM MPOEKIINY MHOTOYTOJILHAKA

[Ipy mpuMeHEeHHH 3TOr0 METOJA YroJl

MEX]y TUIOCKOCTSMU " MOJKHO BBI-
YUCJIUTH, HCTIONB3Ys hopmMyy
S
cos L 3)
S

rae S — IUIOIagh MHOTOYTOJIBHHAKA, JIEXKa-
IIEro B IUNIOCKOCTH , S~ — IUIOWIA/b €ro

OPTOrOHAJBLHOW MPOEKIMU HA INIOCKOCTh

Ipumep 59. B xyoe ABCDAB,C\D,
Haumu y2on Mmexcoy NI0CKOCHbIO 2PaHu
AA B,B u naockocmvio BC\D.

Pewenue. Ilycts peOpo kyba paBHO 1.
OpToroHanbHONW NpPOEKUUEH TPEeyrojbHUKa
BC,D Ha nuockocte AA B, sBusercs Tpe-
yroibHUK AB/B (cM. puc. 64), miomanb
0,5.

(xak

3

- N3 dhopmyisl

KOTOPOTO
BD BC, CD 2

paBHa [Tockonbky

JMaroHaIH
rpaHeii Kyda), To Sye

(3) nomyuum:
V3

BC,D 3

SABIB

cos (A4A4B,, BC\D)
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J4 1 15 J10,24 576 9.6 2

Otcrona (A4A,B,, BCD) arccosT3 .

3
Omeem: arccosT .

Ipumep 60. B xyoe ABCDA B,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
ABC.

Pewenue. 1lyctp nckomslii yroi. Hc-

IMOJIb3YEM COOTHOLICHHNE

SABC SABIC cos ,
1 V243 43
e Sue g Swe ST G

(TpeyronsHuk AB,C paBHOCTOPOHHUI) (CM.
puc. 65). Otcrona nmeeM

s LB L

272 3

V3

CnenoBaTeabHO, arccosT .

3
Omeem: arccosT .

OObIYHO paccMaTpUBaeMblii B ITOM
MyHKTE METOJ{ NMPUMEHSIOT TPU BBIYHCIIE-
HUHU yrila MEXIy IUIOCKOCTBIO CEYEHUS M
IUIOCKOCTBIO  KaKOW-JIMOO TpaHH MHOIO-
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IpaHHUKA (4acTO B KayecTBE TAaKOM TpaHH
BBICTYIIA€T OCHOBAHUC TIIHPAMHJbBI WK
npu3Msl). Tak MOCTyNaloT B ciaydasx, Korjaa
Haxoxaenue S, u S ABJsieTCs OoJiee

CCUYCHUA
IIPOCTOM 3aJlayeil, 4eM HENOCPEICTBEHHOE
BBIYHCIICHUE ABYIPAaHHOIO yrjia , COIps-

KEHHOE C IIOCTPOCHUEM Ha 4epTexkKe ero Ju-
HEWHOTO yria.

IIpumep 61. B npasunvhot wecmu-
yeonvnou npusme ABCDEFABC D\EF,,

CMOPOHbL OCHOBAHUA KOMOPOU pasHvl 1, a
bokosble pebpa pasHbl 2, HAIMU Y207 MedHc-
0y naockocmamu BAD, u AAE,.

Pewenue. 3ametum, 9T0 YETBIPEXYTrOJIb-
Hukn BADC n AAEE cedeHus naHHOU

HPU3MBI IUIOCKOCTAMU BAD, n AAE, (cMm.
puc. 66). Tak xak BA, D.E, u CF nepneH-
IUKYISApHBl MI0ckocTH AAE, (oHM nep-
NeHAuKyIsapHbel AA, u AE), 1O Tpameuus
AAEG, tne G cepenuHa otpeska AL,

€CTb OPTOrOHAJIbHAs MPOEKUUS Tpaneuuu
BA D,C na nnockocts ceuenust A4 EE.

C] Dl
: g
B] H /o El
1 /
iy
A, YF iy
1 U
A
1 / 1
1 ¢ ’ 1
1 // /I :
: K I' ]
ic |./p!
e pE N
/’,’ \\ i \\
B - N
N I
______ <L
A F
Puc. 66

Tpanenuss B4 D,C paBHOOeIpeHHasl, C

ocHoBaHusaMu 4D, 2, BC 1 u OOKOBBI-

MU cTopoHamu B4, CD, +1 4 V5. Ee
BBICOTA /i paBHA

2
, \/CD]2 A]Dlz BC
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a IJIoIaIb PaBHA

AD, BC . 319
SBAIDIC ) h 4 :

B npsamoyronsHo#l Tpaneuun A4 EG

B

OCHOBaHHMA PaBHbl A E, V3, 4G B a

Boicota A4, 2. Ee muomanes paBHa

33

AE, AG 3
e ki S =

A4,

SAAIEIG

B cootBerctBUM ¢ opmynoit (3) Haxo-
M

cos (BAD,, AAE))
3W3 319 (12
2 4 19
. 12
3HAYUT, UICKOMBIN YTOJI paBEH arccos TS

/12
Omeem: arccos,|— .
19

SAAIEIG

SBAI D,C



® [TPUMCHCHHUEC KTCOPEMBI KOCHHYCOB
I TPEXTPAHHOTO yIjia»

Mpumep 62. B npasunvroti mpey2onbHou
npusme ABCAB,C, sce cmoponvi pashul 1.

Haitimu xocunyc yena meaxcoy niockocmamu
ABC u AB/C.

Pewenue. PaccMOTpUM  TpeXTpaHHBIN
yroJ npu BepmmHe B, nupamuisl A4 CB,.

O6o3HaunM uepes
IUIOCKUU  YToJI

JBYTPAHHOIO yrIJia
AB,C4, (cMm. puc.
67). Haiinem 3Ha-
YCHUSI CHHYCOB U
KOCHUHYCOB  ILIO-
CKUX VIJIOB TIpH
BEPILMHE B,.

I'pane  ABB/ A4,

V2

KBajpaTr, Mo3ToMy cos AB, A, - B

Puc. 67

TPEYroJIbHUKE ABC AC 1,
AB, BC ~J2.Torma
AB? BC® AC? g

2 4B, BC

32f

sin AB,C —
4

cos ABC

B  tpeyromsnuke B AC B4 1,
AC BC 2.Torma

cos CB/4
BC2 BA’ 4C* 2 1 2 1
2 BC B, 2421 242°
2
sin CB A4 ! V7

22 242

[Tpumensst TeopeMy KOCHHYCOB JUIS TpEX-
IPaHHOIO yria (omopHas 3ajaaya 2) npu Bep-
HIMHE B, MOIy4uM

cos
cos ABA cos ABC cos CB4 5
sin AB,C sin CB 4, 7

Omeem: é .
7
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® [TPUMCHCHHUEC TCOPEMBI KO TPEX CHHYCAX»

Ipumep 63. B xyoe ABCDA B,C D,
Havoume Y201 medxucoy niockocmamu AB,C
u ABC.

Pewenue. 1lyctb HUCKOMBIA YIOJL
Tak xax BAC 60 , B AB

45 (cM. puc. 68), To 10 TEOpEME «O TPEX
cuHycax» (ormopHas 3ama4a 4) UMeeM:

sin45 sin sin60 ,

V2 B2

sin —_— -.

2 2 3
.2
Otcrona arcsin, [— .
3
B] C]
y ™
/ N
1 I/ | N <
/ |D N
/! \\
II I \\
/ | N
/l BL__ ______ N
14 ’/’ ‘‘‘‘ C
V4 - "
I/::"——
A D
Puc. 68

2
Omeem: arcsin \/; .

Ipumep 64. /[uaconans AC «kyba
ABCDA,B,C,D, cnysicum pebpom 08yz2pan-
HO20 y2na, epanu KOmopo2o Nnpoxoosm ue-
pe3 B, u D,. Haiimu éeauuumny 3mozo yaia.

Pewenue. bynem cumnrath Ky0 e€IuHHY-
HeIM. [lycte E — cepemunHa otpe3ka A,D,

TOrAa U3 TpeyroiabHuka 4,D, E nonyuaem

sin  sin— —
4 2
( — yrom mexny npsmoil 4, D, u miocko-
cteio 4, B,C) (cM. puc. 69).
W3 tpeyronpnuka 4 .D,C Haxoaum

cp, 2 |2

sin  — — ,[—,

c4, 3 \3



rae  — yroa Mexay npsamoil A4,D, u peO-
pom A C nByrpanHoro yria. Jlanee umeem
V2o 2 A, B,
— sin -,
2 3 D] .II:\\‘ C]
. \/g )\ ": M
sin - E,y : N\
\
Tak xak Touka /, LN B
E (npoekuus T04- 1A \
ku D, Ha mimoc- D C
KOCTh A B,C) Puc. 69

pacIiojIo’)K€Ha BHE

HMCKOMOTO JIBYTPaHHOTO yTJia, TO
2
Omeem: ?

@ JICII0JIL30BAHUE PACCTOSIHUN OT TOUKHU
JI0 INIOCKOCTH U JI0 IIPSIMOH

Pemenue 3amay 3T0oro myHKTa OCHOBAHO
Ha OTPHUMCHCHUU TaKHUX HOHﬂTHﬁ; KakKk pac-
CTOSAHHUEC OT TOUYKH OO0 HpHMOﬁ " paCCTOAHUC
OT TOYKH JI0 THIOCKOCTH.

HyCTB JaHbl IBE€ IIJIOCKOCTHU u
puc. 70), mepecekaromuecss Mo MPsSMOU /.
Ecnu wm3BecTHBI paccTOsAHMS OT TOYKU M,
Jexalen B IIOCKOCTH  , 10 MJIOCKOCTU

(cm.

U JI0 TIPSMOM [, TO YrOJ MEXIy IIOCKOCTS-

MH W MOXHO BBIYHCIHUTbH, HCIIOJB3YS
hopmyiy
. M
sin (,) g, (4)
(M, 1)
rie (M, ) — paccrostHue OT Touku M 10

M.l

TOuku M 110 TpsiMOiA /.

IIJIOCKOCTH , — PacCTOAHUEC OT

Puc. 70
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IIpumep 65. B xyoe ABCDA B,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
A B,C.

Pewenue. 1lyctb cropona xyba paBHa 1.
ITnockoctu ABC u A B,C mnepecekarorcs
no npsmoit B,C (cMm. puc. 71). Paccrosnue

OT TOYKH A, TPUHAIEKAIIEH IUIOCKOCTH
AB,C, no npsimoii B,C paBHO JUIMHE BBICO-

Thl PaBHOCTOPOHHETO TpeyroyibHuka AB,C

CO CTOPOHOU \/5, T.e. V2 g ? Pac-

CTOsIHUE OT TOYKH A 10 miockoctu A B,C
pPaBHO TOJIOBMHE JMArOHAIM KBajapaTa, T.C.

2
%. [To dhopmyne (4) umeem

V2 V6

sin (ABC, 4BC) ~=:2= -

. .1
Orcrona HCKOMBIHM YroJj paBE€H arcsin g .

B, C,
I
tN Al |“ D]
NS Iy
S\ [ Y g
S 1 v/
AN 1A/
(AN )
N y\
O /
N UV
AN\% \‘
A AR A
B ,,/’C'\\\\\ \
A
Puc. 71

1
Omeem: arcsin g

3ameuanue. OTMETUM, YTO B 3aBHCH-
MOCTH OT CIT0OcO0a PEIIeHUS OTBET IMOJIyYa-

dbopwme:

\F \F
arccos,|— wiM arctg, [— .
3 2

o .1
€Tcsi B pa3sHOH arcsin 3’
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2. Iliomaay ¥ 00 beMBbI

B nannom paznene tpeGyercst HE TOJIBKO
3HaHue (HOPMYI I BBIUYMCIICHUS TIJI0IIAIeH
MMOBEPXHOCTEH M 00BEMOB MHOTOTPAaHHUKOB,
HO W 3HaHUE CBOWMCTB MPOCTPAHCTBEHHBIX
¢uryp (mpusma U nupamMuja), TpU3HAKH U
CBOMCTBA, KOTOPHIE OTHOCATCS K B3AUMHOMY

PAaCIOJIOKEHUIO MTPAMBIX U INIOCKOCTEMN

2.1. Ilmoma b NOBEPXHOCTH
MHOTOTPAHHUKA

q)OpMy.]'[BI JJI BBIYUCIICHUS TJI0IIaaAu I10-
BCPXHOCTH NPU3MATHYCCKHUX TECJI

boxoBasa u moiHas MOBEPXHOCTH l'lpﬂMOﬁ
NMPU3MBbI

S [ P,

00K
rae [
OCHOBaHHs, S, — IUIOIIab OCHOBaHHS,

Soom S 28,

60K OCH *

JUTiHa OOKOBOTO pebpa, P — mepumMerp

boxoBas u mojiHas MOBEPXHOCTH HAKJIOHHOM’
NMPU3MBbI

S [ P,

6ok

roe [ mmHa 60KOBOro pebpa, P — mepumerp
NEPIEHANKYJIIPHOIO EMY CEUECHMS.

S S 28,

TTOJTH 60K OCH

Ilonnas MOBEPXHOCTH MPAMOYI'O0JBbHOI'O
mapaJjiejaenuieaa

Som 2(ab bc ac),

rae a,b,c — wmHbl pebep, BHIXOMSIIHUX U3 O1-
HOH BEpILIUHBI.

@opMyIIbl ISl BBIYUCICHHUS ILIOIIA/IN 110-
BEPXHOCTH 1-yrOJIbBHOW MUPAMHU/IBI

boxkoBan MMOBEPXHOCTH l'[paBHJ'[LHOﬁ

nUupaMuabl
1
S601< 5 P a,

rae P — mepuMeTp OCHOBaHMS TPABHIBHOMN ITH-
pamuzbl, a — anodeMa OOKOBOM IpaHu;

S SOCH

60K ’

CoS

rae S, —IUIOUIaJb OCHOBaHMSA,  — Mepa JABY-
TPAaHHOTO yIJIa IPU pedpe OCHOBaHUSI.
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BoxoBasi 4 mosiHAsA NOBEPXHOCTH MPABUJIb-
HOM yceueHHO MupaMu/bI

1
S601< 5 (P] PZ) a,

rne P, u P

’, — IIEPUMETPBI BEPXHETO U HUKHETO
OCHOBaHMH, @ — anodema O0KOBOI IpaHy;
S S S,

60K ’

COoS

rae S, u S, — mIomanu BEPXHEro M HUKHETrO

OCHOBaHUM, — Mepa IBYIPaHHOIO yIjia IIpH
pedpe HIKHEr0 OCHOBAHHS,

S Seoc S S,

TI0JTH

ITosiHas MOBEPXHOCTH MPABUIHLHOIO
TeTpadapa

2
Som @ V3, e a - CTOpOHA.

PaccmoTpuMm crnepyromme 3agadd JaH-
HOrO pasjena: BBIYMCIEHUE IUIOIIAAM TI0-
BEPXHOCTH MHOTOTPAaHHUKA WU €ro 4YacTew,
HaXOXXJeHHEe JMHEHHBIX W HEIWHECHHBIX Be-
JIMYMH MHOTOTPaHHMKA C HM3BECTHOM ILJIO-
1a/1b}0 TIOBEPXHOCTH (4aCTU MOBEPXHOCTH),
CpaBHEHUE IUIONIAACH, CPABHEHUE OTPE3KOB.

NO3MARHO-GbIUUCTIUMETIbHBLIL MEM OO

Mpumep 66. B npasunvnou uemvipex-
V2ONbHOU npusme OUA2OHANbL pasHa d u Ha-
KIOHeHAa K NI0CKOCmU 0OOKOB0U 2paHu noo
yenom Haiimu nnowaowv 6oxoeoti no-
8EPXHOCMU NPUZMBL.

Pewenue. Paccmorpum MIpU3MY

ABCDAB/,C/\D,, nnsa KOTOpOW JMaroHaib
AC, d (cm. puc. 72).




Tak xaxk AD CDD,, o ACD sBns-
ercd yrioM Mexay auvaroHanslo AC, u
WIOCKoCTe0 CDD,, BenW4YMHA KOTOPOTO

paBHa

W3  mpsMOYroipHOTO  TpPEYrOJIbHUKA
ACD HAX0JUM AD dsin u
DC, dcos . Jlanee u3 npsAMOyrojbHOro

tpeyrosubHuka DCC| nonydaem

CC, +C,D* CD?
d cos? d+cos2 .

[Tnomanas O0KOBOM MOBEPXHOCTH MPU3MBI
paBHa

S

sin?

4 CD CC, 4d’sin +/cos2 .

Omeem: 4d’sin ~Jcos2 .

Mpumep 67. B npasunvnou uemvipex-
V2ONbHOU YCEeYeHHOU Nupamuoe CmopoHbsl
OCHOBAHUI PasHbL a4 U d,, A OUAOHALbL NU-

6ok

pamuost — d. Onpedenumsv 00K08YIO no-
BEPXHOCb NUPAMUOBI.

Pewenue. 11ycTb B yceUeHHOU MUpaMHUJIE
ABCDAB;C;D; CTOpPOHBI HIKHEr0 OCHOBa-
HUS PaBHBl g, BEPXHErO — q;, a AUAroHalb
nupamuasl — B.D d (cM. puc. 73).

Puc. 73
W3 Bepmmnbl B, nposenem BN AB n
BM BD. Tak kak BN — anodema JaH-
HOM mupaMujpl, TO OOKOBas IMOBEPXHOCTh

nmupaMuabl MOXKCET OBITH BBIYHCIIEHA IO
bopmyme

S %(P P) BN,

60K
rne P 44B 4a,a B, 44B, 4aq,.
Otpe3ok B/N HaiijieM U3 HpsIMOYroJib-
HOIO TpeyroiabHuka B,NM ( BMN 90).
Huaronanm xBagpatoB ABCD u A,B,C\D,,
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JISKaIMUX B OCHOBAaHUAX, paBHBI: BD aﬁ R
BD, an2.

JluaroHanbHOE CEYEHUE MUPAMUIBI —
paBHOOOYHas Tpaneuuss BB D,D. Haiinem

ee BelcoTy BM (BM O,0) u3 npsamo-
YTOJIBHOTO TpeyroiapHuka B MD, T.e.

BM BD* MD*,a MD BD BM

ap BD_BD BD BD (a a,)ﬁ_

2 2 2

2
Otrcrona BM ,|d’ %.

TpeyronbHuk BMN — paBHOOEAPEHHBIN
U TIpsAMOYTOJIBHBIN ( BNM 90 )

(@ a2
2

V2 2

Tenepp u3 TpeyronbHuka B, NM HaxoauMm:

BM a aq

BM ,a MN

2 2
BN /B]Mz MN2 \/dz (a 2a1) (a 4a1)

IloacraBissa HalieHHBIC 3HA4YCHUA P, F H
B,N B ¢opmMyny O0OKOBOW MOBEPXHOCTH IH-
paMuAbl, IOIY4YUM OTBET.

2 2
a a,

Omegem: 2(a a,) \/dz 3a_a].

Memoo onopHvIxX 3a0ay

e Ilmeet mecto popmyna

op

S

rae S — IUIomaap MHOTOYTOJIBHHAKA, JIEXKa-
, §,, — IUIOWIaJb ero

OPTOrOHAJBLHOW MPOEKIMU HA IIOCKOCTh

CoS

b

mero B IINIOCKOCTH

Ilpumep 68. Haumu naowaov noawoti
NOBEPXHOCMU NPABUTLHOU Yemblpexy20iib-
HOU nupamuowl, eciu ee gvicoma pasua H, a
naowadb OO0KOBOU 2paHu pasHa Niowaou
OCHOBAHUSL.

Pewenue. Ilycte EO — BbICOTa JaHHOU
nupamuabl ABCDE (cMm. puc. 74). Onyctum
u3 Touku O meprneHaukyssp OM Ha cTo-
pony BC kBaapara ABCD u touky M co-
equauM ¢ BepmuHOW E. Tak kak OM —
npoekuuss EM nHa miockocth ABC u



OM BC, o EM BC. 3nauutr, OME

SBIISICTCSl JIMHEHHBIM YTJIOM JIBYTPaHHOTO
yriia mpu pedpe

2 BC, Bennuuny

KOTOporo 060-
3HaYUM  4Yepes

Tak kak Tpe-
yroiasHuk BOC
ABJIIETCA  TIPO-
exuuen  OOoKo-
BoH rpanu BEC
Ha  IUIOCKOCTh

Puc. 74
ABC, T0 coO-
TJIACHO YCIIOBHUIO HMEEM
S 1
cos B¢ |
SBEC 4

Torma sin 1 L E u ctg
V" 16 4

N3 tpeyronsuuka EOM naxonum
H 2H
— u CD

Jis V15

[Inomane OCHOBaHUS NUpamMHUABl paBHA

1
V15

OM H ctg

AH? 5 16H°
, OOKOBOW IOBEPXHOCTU — ,
15 1
y 4H*
MOJTHOW TIOBEPXHOCTH — )
2
Omeem:

Ipumep 69. Cmoponwvl ocnosanus mpe-
yeonvHou nupamuosl paseuvt 6 cm, 10 cm u
14 cm. Kaowowliti 08yepannsiii yeon npu ee
ocnosanuu paser 30°. Haiimu niowaow 60-
KOBOU NOBEPXHOCMU NUPAMUOBI.

Pewenue. JIns HaXOXIACHHS IUIOIIAIN
CEYCHHS BOCIIOJIb3yeMCsl OPMYIIOi

S S OCH
60K

COoS

Haitnem mmomans OCHOBaHUSI TPEYroJib-
HOW MUpaMuibl, TpuMeHUB Gopmyny ['epo-
Ha. [lockobKy moJIyniepumMeTp TpeyroiabHU-
Ka B OCHOBaHMHM paBeH 15 cm, TO

S, 15 (15 6) (15 10) (15 14)
1543 (em).
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Torma

S B 53 :ﬁ 30 (crd®).
cos30 2

Omeem: 30 cn’.

Hpumep 70. B npasunvrou yceuennou
Yyemvlpexy20ibHOU — nUpamuoe  CMopoHbl
HUJICHE20 U 8EPXHEe20 OCHOBAHUL PABHbL CO-
omeemcmeenno a u b (a b). Haimu
naoWaob NOAHOU NOBEPXHOCMU YCEYeHHOU
nupamuowl, eciu ee OOKO8vle 2panu HAKIO-
HeHbl K NIOCKOCMU OCHOBAHUSL NOO Y2I10M

Pewenue. 1loCkoIbKY OCHOBAaHUSMH
IIPAaBUJIBHOM YCEUYEHHOM YETBIPEXYTOJbHON
MUpaMHIbl SIBJISIOTCSL KBaApaThl CO CTOPO-
HaMu a U b, TO cyMMa UX IUIOIIa/ el paBHA

a® b?. OueBHIHO, UYTO OPTOrOHANbHASA
MPOEKIUsT OOKOBOH TIOBEPXHOCTH YCEUCH-
HOW MUpaMupl HA TUIOCKOCTh HIDKHETO OC-
HOBAaHHUS TPEICTABISET CO00I KBaapar co
CTOPOHOH @, N3 KOTOPOTO «BBIPE3aH» KBaJ-
par co cropoHoil b. Ilpu 3TOM CTOPOHBI
«BBIPE3aHHOTO»  KBaJpaTra MapajuieIbHBI
CTOPOHAM HW)XHETO OCHOBAHHS THPAMHUJIBI
(cm. puc. 75).

Tak kak OOKOBbIE I'paHH YCEUEHHOW IH-
paMHUJIbl HAKJIOHEHBI K IUIOCKOCTH OCHOBa-
HUs TI0J OJMHAKOBBIM YIVIOM , TO ILJIO-
aab €€ O0KOBOI MOBEPXHOCTH paBHa!

2 2
s S, a b
60K 5
cos cos

re S, — IIOIIajb TPOEKIHK OOKOBOH Mo-
BEPXHOCTH Ha OCHOBaHHUE. TakuM 00pa3om,
a’ b’

COoS

S a’> b*

TIOJTH

2 2
a” b

COoS

2 2
Omeem: a~ b



2.2. Il1omaap ceyeHMs] MHOIOrPaAaHHUKA

CBoiiCTBa CEUECHM MHUPAMUJIBI TLIOCKO-
CTBIO, ITAPAJUIEIIEHON OCHOBAHUIO.

Teopema 1. Eciu nepeceuv nupamuody
NJIOCKOCMbI0, NAPALLEeNbHOU OCHO8AHUIO, MO:

a) bokoevle pebpa u 8vicoma NUPAMUObL
paszoensaiomes d9mou NI0CKOCMbI0 HA Npo-
NOPYUOHATIbHbIE OMPESKU;,

0) 6 ceuenuu noayuUmMcs MHO20Y20bHUK,
NOOOOHbILL MHO20Y20/IbHUKY, Jlexcaujemy 8
OCHOBAHUU,;

B) NIOWAOU CeYeHUsl U OCHOBAHUs OYO0ym
OmMHOCUMbCsL Opye K Opyey KAk Keaopamol
UX paccmosiHuLl Om epulunbl NUPAMUODL.

Teopema 2. Eciu 08e nupamuovl ¢ pas-
HbLIMU 8bICOMAMU nepecedb NIOCKOCHAMU,
napanienrbHblMy OCHOBAHUAM, HA OOUHAKO-
80M pACCMOAHUU OM BEPUIUHBL, MO NAOWA-
ou ceuyenuti 6yoym nponopyuoHaIbHul NJI0-
WaosIM OCHOBAHULL.

[Ipy BBIYMCICHUU TUIOIMAANA CEYCHUS
MOXKHO OIpEAETUTh BUJ (UIYpHI, MOTY4YEH-
HOM B CEUEHUH, U 3aTE€M BOCIIOJIb30BATHCA
¢dopmynoit. Ilpu 3TOM ClOXHYIO QUTYPY
MHOI/Ia pa30MBAIOT HA HECKOJIBKO IPOCTEH-
mux (GUryp Wid JONOJHSAIOT 10 HpocTeil-
Iei.

NO3MARHO-bIUUCTUMETIbHBLIL MEM 00

Mpumep 71. Haiioume niowaos ceuernus
NPABUNILHOU  YembIPexXy20bHOU  NUPAMUObL
ABCDE, npoxoosweu uepez AB u mouxy K
— cepeduny peopa EC, eciu 6ce pebpa nu-
pamuovl pashwl 4.

Pewenue. lIlyctrv ABK ECD KM
(cM. puc. 76). Torma uz AB||CD cnenyer

AB||ECD u KM ||AB. B ceuenun nomyda-

eM paBHOOenpeHHYIO Tparneuuto ABKM c
ocHoBanusiMu AB 4, KM 2 u BeICOTOM
FL (F n H — cepenunsbl oTpe3koB AB u CD
cooTBercTBeHHO, KM EH L).

N3 tpeyronsauka EHF Hailnem Meauany
FL, ucnonesys hopmyny

2 2 2
5 |2EF 2FH EH®
4
2 2 2
o 2(24/3) 244 (24/3) e
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[Imomane ceuenus: paBHa

4 2
Suwe 2T T

Omeem: 3\/ﬁ.

Ipumep 72. B xybe ABCDA B,C\D, c
pebpom, pasnvim a, yepes mouku M



TPEeThEH, TO IJIMHUHM TEPECEYCHUs Mapa-
JeNbHBI) OyzeT nepecekars rpanb A4, D, 1o
npsmoit NQ tak, uto NQ || MP .

Coeaunum Touku M u (Q, Tak Kak OHHU
aexar B oJHOH miockoctH A4, B,. Torga
MQ| NP 1o TOMy e CBOWCTBY Hapai-
nenpHbIX mockocreit 44,8, n CC,D,. Ta-

KUM 00pa3oM, CEYeHHUE MPeICTaBIseT cO00M
napauienorpamm  MPNQ. Beruuciaum ero
wiomaapb. Jljig 3Toro HaiIeM CTOPOHBI Tpe-
yroapHuka MNP. Ucnone3ys Tteopemy Ilu-
¢daropa Ui TPSIMOYTOJIBHBIX TPEYroJIbHU-
koB MLP (ML CC,), NPS (NS CC)),

MNK (KN  BB,), noimy4um:

MP (LC PC)} ML

a’ , a~145

—_— a ,

144 12
NP \(PC SC)* NS*

25a° 2 13a

144 12°

MN (BM BK)> KN’

2
a5, 34
4 2

Haitnem momans tpeyrosibHuka MNP,
UCTIONB3YsT MOAUGPUIIMPOBAHHYIO (HOpMYyITy

Tepona S %\/4a2b2 (> a* b)),

a*+J170
24

. CiremoBatenpHO,

a*~170

SMPNQ 28ywp T

. a*+/170

12

Swvp

Omeem

Ilpumep 73. B  edunuunom Kybe
ABCDA,B,C,D, mouxka M — cepeduna peo-
pa B/C,, mouka N nexcum na OuazoHanu
B,D, npuuem BN 2ND. Haumu nno-
waos cevenusi Kyoa niocKoCcmoio, nPoxoosi-
weu uepez mouku M, N u napannenvrou
npsamou A,C,.

Pewenue. OnumiemM CXeMaTHYECKH IPO-
1IeCC TIOCTPOEHHUs CEYCHHsS Ky0a IIOCKO-
CTBIO, MPOXOAsIIeH yepe3 Touku M, N u na-
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payuensHOU npsaMoit 4,C, . Jlnst atoro npo-

BeleM uepe3 Touky M npsamyro ME,

B,

Puc. 78

ME || 4,C, (cMm. puc. 78).

PaccmoTpuM  MaroHalbHYI0 IJIOCKOCTb
B,BD, B x0oTOpOW Ha AMaroHanu B, D nexur
touka N. Torma npuHamiexanas CEYECHUIO
To4Ka 7 — TOUKa nepecedeHus npsmeix ME n
B\D,. B mnockoctn B BD mnposeneMm Ips-
myto TN. Touka O, npuHayiexanias u ceye-
HUIO, U TUIOCKOCTU HM)KHETO OCHOBaHUS Ky-
0a, — Touka nepeceyeHus npsamoix TN u BD.

[IpoBenem yepe3 touky O npsamyro GF,
napamnensnytlo  A4,C,. J[anee, wucnonb3ys
METOJ[ CJIEI0B, NOCTpouM TOYku H u K,
MPUHAICKAIME CEUYCHUI0 KyOa (IecTu-
yronbHuk HEMKGF). Tlpu stom 1ectu-
yronsHuk AE,M|CGF sBasercs npoeKuu-
eil MHoroyrospHuka HEMKGF Ha mioc-
kocTh ABC.

[Tockomsky FG|| A4C, u A4,C, BD, 10
FG OB. Torga OT — HakJIOHHas K IUIOC-
koctu ABC, npsamass OB — mpoekuusi Ha-
kinouno OT u OB FG . CnenoBaTenbHO,
[0 TEOpeMe O Tpex MEeplHeHIuKyIIpax,
OT FG.3uauntr, TOB — JIUHEWHBIN

yrod asyrpanHoro yria TFGB.

Bpruncinm teneps KOCMHYC yriia  Me-

Ky CEKYIIEH IIOCKOCThIO M HMIKHUM OC-
HOBaHMEM Ky0a. O4eBUIHO, UYTO

B,D,

BD BD, ~2,BT y

V2
-



Hanee, tpeyronsauku B, TN u DON 1o-

no0OHbI ¢ KodhdurmenTom nogodust k. 2.
CnegoBaTenbrHO,

BT BD 32

oD :
2 8 8
OB BD OD %
or (OB BT) BB —“1814
OTtkyna
s OB BT 5
or 57’

BeraucnuM, miomans IECTUYTOJNBHUKA
AEM|CGF . Ilnomazu TpeyroJbHUKOB

BM\|E, n DFG HaxonsaTcs IOBOJIBHO IIPO-

CTO (BBIUMCIIHTE CaMOCTOSITENIbHO ! ):
1 1
S —, S —.
BM,E, 8 DFG 32
Torna
27
SAEIMICGF SABCD SBMIEI DFG 3_2

Takum oOpazom,

Sugmcer 2757
cos 160

27457

160

SHEMKGF

Omeem

npUHYUN pazouenun u 0ONoJIHeHUuA

Ipumep 74. Ilnowaowe 6Ookosou epanu
NPABUNILHOU  WECUY2ONbHOU — NUPAMUObL
pasna ¢q. Haiioume niowaos ceuenus,
NIOCKOCMb KOMOPO20 Napaiiesbha 60K08oll
2Panu nupamuosbl U npoxooum yepes cepe-
OUHY ee 8bLCOMbI.

Pewenue. O603HaUUM IJIOCKOCTh Ceue-
HUS 4Yepe3 , cepenuHy BhICOTHI OP mmpa-
musel ABCDEFP uepe3 T, cepeiuHbI OTPE3-
koB BC, OK u EF uepe3 K, K, u L coot-
BETCTBEHHO (CM. puc. 79).

[TycTh TIOCKOCTh  TapajuielbHa TPaHH
PBC, OPK PK,, ABC OR.
Torma PK,||PK, OR|BC, mpu sToMm
' PK,K, OR,P PL.
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Taxk xak QR| AD ||EF, 10 mnepecede-
HUSIMH  TUTOCKOCTH C TpeyroJibHUKaMHu
ADP n PEF ciyxat COOTBETCTBEHHO OTpPE3-
ku AD,||AD wn MN|EF (T AD,,
M PF,N PE,P MN).

Nmeem 4,D, 054D BC, QR 1,5BC,
3HAYHT, CEYCHNEM JaHHOW MHPaMHUIBI TIOC-
KOCTBIO SBIISICTCSI  [IECTUYTOJIbHUK
QA MND,R, cocTaBlleHHBI M3 JIBYX Tpa-
neuuit A, D,RQ n MND, A, ¢ o6mum ocHO-

BaHueM 4,D,.

[TycTp BC a, PK h, TOT 1A
1
S ppc Eah q.

Puc. 79

Haiinem mnomane ceuenus QA MND,R.

1

Tak kak K K %OK ZKL u PK, ||PK,

TO

S
3

BK,

o e
.

T
o
S I NN

~

=
v
~

E

N[ w
Q

S

v

2 b2,
2 2 32 16




Omeem: éq.
16

pumep 75. B ocnosanuu npsamou npus-
mor ABCAB,C, nesxcum pasnobedpenHblil
mpeyeonvuux ABC, y komopozo ocnogaHnue
BC pasno 3. boxosas nogepxnocmv npusz-
Mol pasua 32. Haumu niowaov ceuenus
NpU3MbL  NIOCKOCMbIO, NpOXoosujell yepes
CB, napannenvro evicome ocrosanus AD,
ecnu U38ecmHo, 4mo paccmosnue om mouku

6
A 0o nrockocmu ceuenus pagHo — .

Pewenue. IlocTpouM cedeHne PU3MBI
3aJaHHOM B YCJIOBHM IUIOCKOCTBIO. [ 3TO-
ro yepe3 BepmnHy C B miockoctu ABC
OCHOBAHUS IMPU3MBbI IPOBEJEM MPSAMYIO, Ia-
pamnenbHylo AD 10 mepecedeHuss B TOUKE
M ¢ nponomxeHueMm pedbpa AB 3a TOUuKy
A (cm. puc. 80). Touku M u B, nexar B

IUIOCKOCTH I'paHu AA B, , mo3ToMy, IpoBes
4yepe3 HUX NpsAMYIo, MONy4uM cien E ce-
Kymei miaockoctu Ha peOpe A4,. Torpa

A, B,

Puc. 80

TpeyrosbHUK CEB, — HCKOMOE CEUeHHE.

B tpeyronbauke MBC otpe3ok AD —
CpelHss JIMHMS, IOCKOJIbKY BbicOTa AD B
paBHOOEpEeHHOM TpeyroiabHuke ABC sB-
nsercss u  MenuaHo.  CrenoBaTelsbHO,
MB 2AB. AHanornyHo B TpPEYTrOJbHUKE
MB B otpe3ok AE — cpenHsas JIWHHS U

MB, 2ME .

Ilycte croponHa ocHoBaHua AB x, a
BBICOTA IIpU3MBI paBHa /. Tormga mepumerp
ocHoBaHuss P 2x 3, OokoBoe pedpo
MPU3MBl PaBHO / U IUIOLIAJb OOKOBOM IO-
BEPXHOCTH
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Seec B P h (2x 3).
Otcrona h 32 .
2x 3
Beipazum o0bem mnupamunsl BMB,C
JIBYMSI CITIOCOOaMMU.
1. TTo popmyme
1 1 1
VEBB]SMBcgh EMCBC.

Tyt yureno, uro tpeyrosbHuk MCB mps-
moyronbubli (MC || AD).

2. Ilo popmyne
1 1 1
V 3 BH, S,;¢ 3 BH, 5 MC CB, ,

rae BH, — neprneHauKyisp, OMyILEeHHbBIN U3
Toukn B Ha mockocts MBC. Tak kak
paccTosiHue OT TOYKH A 110 3TOM MJIOCKOCTH

[0 YCIOBHUIO PaBHO g, a MB 2A4B, T0

12
BH, ? B stom ciydae Takxke yyTeHO,

yro MC CC,B, (MC CB u MC CB))
u TpeyroiabHuK MCB, — npsAMOYTrOJIbHBIN.

[IpupaBHUBas TOJy4EHHbIE BBIPAKEHUS
i obbema U yuuthiBas, uro CB,

VBB’ CB*> K 9,unmeem

n Lucse Lau Lumcces
2 3 2

wm h %\/hz 9 . Otcroa %hz h* 9

uh 4,aCB 5.

Torna u3 paBeHcTBa / 2 HaXOUM
X
5
X > a u3 TpeyrojibHuka ABD
ap Jag B¢ B2 2,
4 4

Tak kak Touka E penmur MB, momonam, TO
JUI KCKOMOM IUIOIIA CEYEHUS TOTy4aeM

N 1 1
Sees M;C " MC CB, " 45 5.

Omeem: 5.



2.3. O0beM MHOTOIpaHHHUKA

®opmyibl Ui BBIYUCIEHUS 00bemMa
MIPU3MATUYECKUX Tl

O0beM NpsIMOii PU3MBI
Y

rae | — numHa GokoBoro pebpa, S, — IIo-

OCH 2

omraab OCHOBaHUSA.

O0beM HAKJIOHHOM NMPU3MBI

Vo hS

OCH ?

rae h — BbICOTa HPU3MBI, S — IUIOM@AIb OC-
HOBaHMS;

Vils,
rae [ mHa 60KOBOro pedpa, S — miomaab

MEPIEHANKYJIIPHOTO EMY CEUECHMUS.

O0beM NpSIMOYToJILHOIO MapaJliesienunena
V ab c,
rae a,b,c — wmHbl pebep, BHIXOMSIIHUX U3 O1-
HOH BEpILIUHBI.

®opmyibl Ui BBIYUCIEHUS 00bemMa
n-yroJIbHOW NMUpaMubl

O0beM NPoON3BOJIbHOI MUPAMHU/bI

14 th
3

OCH 2

rae A — BbICOTa mUpaMuabl, S — IUIOMIAb

OCH

OCHOBaHUA.

O0beM NPON3BOJILHOI yCeUeHHOI MUPaAMU/IbI

1
14 Eh S, VJSS, S,),

rae h — Beicota mupamupl, S,, S, — IIOLAaN
BEPXHEr0 M HUKHETO OCHOBAHUIA.

O0beM NpaBUJIBLHOTO TETPA3Apa

a*N2

12
— IUIOIIATh

9

14 % h S, amV

rae A — BBICOTa NMUpPAMUbL, S

OCH

OCHOBAaHU$, d — CTOPOHA TeTpa’pa.
O0beM Npon3BOJILHOI0 TETPAIAPA
1 .
V g a b d sn |,

rae a u b — MUIMHBI IBYX ITPOTUBOIIOJIOKHBIX
pebep Terpasapa, d u
MEXIy HUIMH COOTBETCTBEHHO.

— pacCcTOsSHUE U Yol
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Breigenum crnenyrome 3agadd  AaHHOTO
paszena: BBIYHCIICHHE O0beMa MHOTOTpaH-
HUKA ¥ €ro JacTeH, HaX0KICHHE JTHHECHHBIX
Y HEJIMHEWHBIX BEJIMYMH MHOTOTPAHHUKA T10
€ro M3BECTHOMY 00BEMY, CpaBHEHHE 00Be-
MOB MHOTOTPaHHUKOB.

NO3MARHO-GbIUUCTIUMETIbHBLIL MEM 00

OTmeTuM 3a7ayd, B KOTOPBIX YacTo
BCTpeyaroTcs KOH(UIYpalluu C IMpeaBapu-
TEJIbHBIM ONPEEIIEHUEM MOJIOKEHUS OCHO-
BaHUS BBICOTHI TUPAMU/IbI.

e Ecnu Bce O0koBble peOpa HMUpPaMUJIbI
paBHBI MM 00pPa3yrOT C IUIOCKOCTBEO OCHO-
BaHHUS WU C BBICOTOM OJMHAKOBBIE YIJIbl, TO
OCHOBAaHUE BBICOTHl IUPaMUJIbl SBIISAETCS
LEHTPOM OKPYXXHOCTH, OIMCAaHHOM OKOJIO
OCHOBAHUS TUPAMU/IBL.

B uactHOCTH, ecnM OCHOBaHUEM IHUpa-
MU/JIBI SIBJISIETCSI IPSIMOYTOJIBHBIN TPEYToib-
HUK, TO BBICOTA MPUHAMIEKHUT OJTHOHN U3 0o-
KOBBIX TPaHEH, CoOJAepXkallel THIOTEHY3Y
MPSIMOYTOJIbHOTO TPEYrOJIbHUKA, U BEPIIMHA
MUpaMHIbl IPOELUPYETCSI B CEPEAUHY ITOU
TUIIOTEHY3bI.

Ecnu ocHOBaHMEM NUPAaMUJIBI CIYKUT
TYNOYTOJIbHBI TPEYroJbHUK, TO BEpLIMHA
UpaMHIbl IpOenupyeTcs B TOUKY, JekKa-
IIYI0 BHE 3TOT0 TPEYroJIbHUKA.

e Ecnu Bce OOKOBbIE TpaHU MUPAMUJIBI
OJINHAKOBO HAKJIOHEHBI K IJIOCKOCTU OCHO-
BAaHUS, TO OCHOBAaHHE BBICOTHI MUPAMMU/IBI
SIBJISIETCS LIEHTPOM OKPYKHOCTHU, BIIMCAHHOU
B OCHOBAHUE MUPAMHU/IBL.

Ipumep 76. OcHnosanue nupamuovl
ABCD — pasHnobedpenHvlli  mpey2oibHUK
ABC ¢ ocnosanuem AB 12 u 6okosoii
cmoponoti 10. Hatimu o6vem nupamuosi, ec-
JUu 8ce BOKOBble epaHu 0Opazyiom ¢ NiOCKO-
CMbI0 OCHOBAHUS O8YepaHHbLE Vbl 8 45 .

Pewenue. Ilycte CK — BbICOTA TpeE-
yroneauka ABC (cm. puc. 81), Torma wus
npsiMOyrosibHOro TpeyroyibHuka ACK ume-
eM

CK 10> 6> 464 8.

[Inomane ocHOBaHUs paBHA

l128 48 .
2

SABC



Tak xak Bce OOKOBBIC TPaHH 00Pa3yIOT C
IJIOCKOCTBIO OCHOBAHUS JBYTPaHHbIE YIJIbl
B 45 , To ocHoBanue O BwICOTHI DO mnupa-
MUJbl COBMAJNAET C LIEHTPOM OKPYKHOCTH,
BIHUCAaHHON B TpeyroipHuk ABC, TO ecTb

OK r,rae r — paguyc 3TOM OKPYKHOCTH.
Pagnyc Haiinem
D o dhopmyie
7 SABC
p
48
r — 3.
B 16
¢ v Tak KaK
K OKD sBnsercs
JIMHEUHBIM  yT-
J0M JAHHOTO
A JBYTPAaHHOIO yT-
Puc. 81 na (IOKaxuTe) U
OKD 45 ,
TO W3 TpeyroibHuka (OKD  uMeeM
oD r 3.
O6beM nupamubl paBeH
1
Vigen — 483 48.
3
Omeem: 48.

Ipumep 77. Ocnosanue nupamuowvr —
Mpey2obHUK, 08€ CIMOPOHbI KOMOPO20 Pas-
uot 1 u 2, a yeon mexncoy numu paser 60 .

Kaoicooe 6orxosoe pebpo paeno V13 . Haii-
mu 00vem nupamuobsl.

Pewenue. 11yctp
B nupamune ABCD
OCHOBAaHUEM  CIy-
KHUT  TPEYrOJIbHUK
ABC, IIpU4YeEM
AB 1, BC 2,

ABC 60  (cm.
puc. 82).

Tak kak Bce 0o-
KOBBIE pelpa paB-
Hbl, TO OCHOBaHHUE
O BeIcOTHI DO 1111-
pamuibl COBIAJAET
C LEHTPOM OKpYX-
HOCTH, OIMCAaHHOW OKOJO TpeyrojbHUKa
ABC, 10 ecth OB R, tne R — paauyc
3TOM OKpyXHOCcTU. Panmyc Haiinem no op-

Puc. 82
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AC
2sin ABC
BBIUMCIIAM TI0 TE€OpeMe KOCHHYCOB U3 Tpe-
yroibHuka ABC:

AC* 17 2> 21205 3,

AC 3.

myne R . lmuny croponsr AC

NG

Pamnyc okpyxHocTH R V3: 2 > I.
W3 npsimoyrosnbHOTO TpeyronbHuka BOD
HalaeM BBICOTY MIMpaMHIbl
DO +13)* 1> 243. Mnowmanms ocwo-
BaHUS MU PaMHU/IbI paBHa
1.3 3
S — 12 — — wu obveM nupamu-
aBC 5 5 P
1
Ibl paBeH V., 3 % 243 1.

Omeem: 1.

Ipumep 78. Hatimu obvem npasunivbHol
Mpey2oIbHOU NUPAMUObl, Y KOMopou 60Ko-
8oe pebpo HAKIOHEHO K NIOCKOCMU OCHOBA-
Hus noo yenom  ( 45 ) u yoaneno om
NPOMUBONOLONCHOU CIMOPOHBI OCHOBAHUS HA
paccmosnue d .

Pewenue. Ilyctb

D DABC (cMm. puc. 83)

— JlaHHas NMUpaMUaa.

Tak kak onHa mpa-

M p BUIbHAL, TO OCHOBa-

‘ Hue O BbICOTBI DO

4 & “v — LEHTP TPEyroib-

Ny  Huka ABC. Ilycte

TOouka N — cepenu-

Ha crTopoHel BC.

C Torna DN BC wu

Puc. 83 AN BC, a 3HauuT

BC ADN. Ilpo-

BezieM BbICOTY MN B TpeyroibHuke ADN .

Tak kak nupamuja npasuibHas (O AN ) u

AO ON,10 AND . CnemoBareibHO,

TPEYroabHUK ADN OCTPOYrOJNBHBIA U TOY-

ka M AD. CoorBerctBeHHO MN — 00-

U epueH uKyIsp K npsmeiM AD u BC,
MN d.

N3  mpsAMOYrosbHOro  TPEYroJbHHKA
M.
AMN nonydyaem AN ,N ,d . To-
sin sin



I71a CTOpOHA OCHOBAHUS JAHHOW MUPaMMUJIbI
paBHa

AN 2d
sin60  /3sin
B npsmoyronsHOM TpeyronapHuke ADO
AO gAN 2,d (tak xak O AN),
3 3sin
DO AO tg 2d
3cos
Haxoaum o0bem nupamuibt
V % DO S ;.

1 2d 3 24 °
g 3cos T \/gsin
2d°
943sin> cos

2d?
9+/3sin cos

IIpumep 79. bokosvie pebpa HAKIOHHOU
mpeyzonvrou npusmvt ABCA B,C, paguvr 6

Omeem:

cm. Ceuenue niockocmwlo, nepecexkarouyell
6ce OoKogvle pebpa npusmvl U NEPNeHOUKy-
JIAAPHOU UM, npeocmasisem cobou mpe-
VeONbHUK, CIOPOHbI KOMOPO20 OMHOCAMCSL
kak 9:10:17. Hatimu nrowaos 60Ko0801U
NOBEPXHOCMU DMOLL NPU3MbL, eClU U3BeCH -
HO, umo obvem nupamuovt A ABC pasen

288 cad’.

A] #B]
K 17X L
A B
C
Puc. 84

Pewenue. Tak xak o0bem V, ;- 288
3V, s 864 e’ Tlycrs

TpeyroinbHuK KLM  yka3zaHHOE B yCIOBHUH
CeueHue, NMepHeHAUKYIIpHOe pedpaM MpHs3-
MbI (cM. puc. 84). Ucmnonb3ys hopMyIibt

[§S,S [ P,

3
M-, TO VABCAIBIC]

I/vABCAI B,Cy 60K

49
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rae [
miomaab nu HCpI/IMCTp HCpHGHHI/IKy.]'ISIpHOFO
E€My CEUYCHHsI COOTBETCTBCHHO, S, UIO-

JuinHa 60koBoro pedpa, S u P —

[YUS

11a/1b 60KOBOM MOBEPXHOCTH, MOIYYUM

A4, Sy, wam 864 65, .

VABCAI B,C)

Orcroma Sy, 144 cn’.

Haiinem nepumerp tpeyronbauka KLM .
[Iycte ero crtoponbl paBHbl 9x,10x,17x.

36x, a
p 18x.Ilo ¢popmyine I'epona, momyanm

\/p(p 9x)(p 10x)(p 17x) 36x°.

U3 ypaBmenus 36x°
x 2 cm. Cneposarensno, B,

I P 672 432 e’
Omeem: 432 cn’.

Torma P, MOJIyIIEPUMETP

S KLM

144 nonydaem
72 cm.

Torma S,

66e0eHUEe 6CNOMO2AMENIbHOZ0 ompe3Ka

IIpumep 80. Bce Gokosvle epanu yemoi-
PeXy20NbHOU NUPAMUObL — NPABUTLHbIE Mpe-
yeonvHuku. Paccmosanue om yenmpa 60ko-
801 2paHu 00 NIOCKOCMU OCHOBAHUSL NUPA-
Muovl pasno b. Onpederumsv 006vem nupa-
MUObL.

Puc. 85

Pewenue. IlycTp CTOpOHa OCHOBaHUSA
nanHo¥ mupamunbl ABCDE paBHa X, OCHO-

BaHUE BBICOTHI MMUPaMUIbI 0003HAYUM Yepes3
O, ocHoBaHue anodembl K CTOpoHe AD —

X
yepe3 K (cm. puc. 85). Torma OK > BBI-
cota EK B paBHOCTOPOHHEM TPEYI'OJIbHUKE

paBHa N3 npsmoyronsHOro Tpe-

yrosibHuka EOK HaxoIum



2 2
op | X3 x x2
2 2 2
Ecnu F — uentp 60okoBoi#t rpanu, H — oc-
HOBAaHHE TEPIICHNKYISIpA, OIMYIEHHOTO W3
TOYKM F Ha OCHOBaHHWE WHPAMHIBI, TO
FH b. U3 nogo6ust TpeyroibHUKOB EOK
u FHK nonydaem
EO EK 3

—uEO 3 FH.
FH FK 1

Orciona % 3b, x 3+/2b. 3uaunt,

oAb
18h7, BEICOTA TIMpPaMUJEl — 3b, 00BEM JaH-
HOM NUpaMubl paBEeH

V %181)2 3b

OCHOBAaHHMA IMHMpaMHUJbl paBHaA

18b°.

Omeem: 18b° .
66€0CHUE BCNOMO2AMESILHO20 Y2la

Mpumep 81. B npasunvnou uemwvipex-
yeonvroti nupamude ABCDE (E — sepuiu-
Ha) uepe3 cepedunvl cmopor AB u AD npo-
8e0eHo ceuenue, NIOCKOCMb KOMOPOo20 Na-
pannenvna peopy EA. Havimu ob6vem nupa-
MUObL, eciu CMOpPOHA OCHOBAHUS PABHA a U
niowaos ceyenus S.

Pewenue. 11n0CKOCTH cedyeHUs Inepece-
Kaer miaockocth AED nu ABE mno npsMbIM
GH wu FJ cOOTBETCTBEHHO, MapaljielIbHbIM
AE. FG ||BD, Tak kak F'G — cpeqHsis TUHUS

B TpeyronbHuke ABD (cM. puc. 86).

Puc. 86

B xBagpare ABCD AC BD. Tak kak
AQ — npoekuus AE Ha OCHOBaHHE UPAMHU-
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el 1 AQ  FG, 1o FGHJ — npsMoyrosib-

Huk. [lmockoctu FGH w BDE mnepeceka-
10TCs o npsiMort JH .

IIycte AC FG R, EQ HJ S,
RS CE K, EAC Tak  kak
1 2
RO EAQ %, TO W3 TPEYroJbHUKA
RQS nonyyaem RS RO ay2 .
cos 4cos
Hanee B TpeyroiasHuke AEC 1o teopeme
EK AR 1
QPaneca — —— —, a B TPEYrOJIbHUKE
ED AC 4
EQC 1no Tteopeme ameca umeem
T EK 1
or EK 1 (T — npoexuus Touku K Ha
QC EC 4

IJIOCKOCTh OCHOBAHUS MUPaMUbI), TO €CTh

or lQC aﬁ.3Ha‘H/IT,
4 8
SK 70 a\/z .
cos &cos

[Imomane ceuenus paBHa

S SFGHJ SJKH
a\/i a\/z l a\/E aﬁ 5a°
2  4cos 2 2 8cos 16cos
a2
Otcromga cos S Torma
. \2568*  254°
sin
16S
u
tg \2568* 254°
5a° '

BricoTa nupamuibt

a2
EQ AQtg 5 tg

V

1 00beM MUPAMHUIBI
\V2568% 254*
2

a’ aﬁ
2 S5a

a\5128%  50q°

30

1
3

aV5128%  50a*

30

Omeem:



66e0eHUe HEeCKOIbKUX
6CROMO2AME/IbHBIX IJIEMEHM 06

Ipumep 82. Haiioume ob6wvem npsamo-
YeOllbHO20 napaiienenunedd, OUa2oHAlbL Ko-
mopoeo paena 14, nepumemp ocHoeanus —

20 u nepumemp meHvuiell OOKOBOU epaHu —
32.

Pewenue. llyctb B mnapaimenenunene
ABCDA,B,C,D, DB 14, AB a,
BC b, BB c cycnoBueM a b.

N3 ycnoBus 3anaun nMeem

a’> b* & 196, a’> b* ¢ 196,
a b 10, a 10 b,
b c¢ 16. c 16 b.

[TonyuaeMm kBajpaTHOE ypaBHEHUE

3b*> 52 160 O,

40
MMeroIIee KOpHU 4 U 3 (HE YIOBIETBOPSI-

er ycioBuro a b 10). Torma b 4,
a 6,c 12ul 288.
Omeem: 288.

Memoo onopHvIX 3a0ay

e O0bembl nMpaMuj] ¢ o0IIel BBICOTOM Hpo-
MOPLMOHAJIBHBI [IOIAAAM UX OCHOBAHHUH.

Mpumep 83. B npasunvnou uemwvipex-
yeonvnoti nupamude SABCD mouka F Oe-
aum peobpo BC 6 omunowenuu 1:3 (cuumas
om mouku C). Hatioume, 6 xakom omuouie-
HUu Oeaum o006veM Nupamuovl NiIOCKOCHb
DSF ?

Puc. 87

Pewenue. Tak xak naHHasg NUpaMuIa U
4acTH, Ha KOTOpbIE OHA pa3z0OuBaeTcs IJIOC-
KOCTBIO ceueHus (cM. puc. 87), UMEIOT 0Ju-
HAKOBYIO BBICOTY, TO OTHOIICHHE OOHEMOB
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YacTeil paBHO OTHOIICHUIO TUIOIIAICH OCHO-

BaHUM:
VSABFD SABFD

VSF CD S FCD

[Tnomamu TpeyronsuukoB ABD u BDC pas-
Hbl. [ TpeyroJbHUKOB ¢ 0OIIEel BBICOTOM
uMeeM

Sper CF 1
BF 3

S DBF

[TosTomy Sa 7 :

FCD 1
Omeem: 7:1.

e OObemMbl MUpaMuUi C PABHOBEIUKUMH OC-
HOBAHUSIMHU MPONOPLUOHAIBHBI POBECH-
HBIM K HEMY BBICOTaM.

Hanpuwmep, B xyoe ABCDA B,C\D, (cwm.
puc. 88) oObembl mupamun A ABD n
MBDC otHOcsTes Kak 2:1, rne M — cepe-

nuHa pedpa C,C .

Puc. 88

® [lupamuIpl ¢ paBHOBEIMKUMH OCHOBAHUSA-
MU U PaBHBIMH BBICOTAMH — PaBHOBEJIHMKH.
Hanpumep, B kybe ABCDA B,C, D, (cMm.

puc. 89) mmpamunsl A4, ABD, D ,ABDn

D, ACD paBHOBEIUKHU.




e OrHoleHue 00bEMOB MOJOOHBIX MHOTO-
IPaHHUKOB PAaBHO KyOy Koa(duiueHTa mo-
noowusi.

Ipumep 84. IInowaoe ocnosanus nupa-
Muovl pasna 3, 06vem nupamuovl maxice
pasen 3. Ilposedenvt 0ge niockocmu, na-
pajnenvhvie OCHO8AHUIO nupamuowl. Ilno-
waou noxydusuuxcs cevyeHuti paguol 1 u 2.
Haiioume o6vem yacmu nupamuowvl, pacno-
JIOJHCEHHOU MeHCOY NILOCKOCHAMU.

Pewenue. O00-

3HAYMM  CCUYCHHS
yepes A, B,C, n
A,B,C, (cM. puc.
90), mpuuem
S 4B, S] 2,
S 4,B,C, S 2 1,
S ABC S 3,

00BEMBI TTHPAMU]T

VABCD V’
VAIBICID ",
VAZBZCZD V.
Hmeem
v s 7 [3
yols o

OTcrona uCKOMBIN 00bEM paBeH

vor o33 [ 8L
27 \27 NE)

OTHolIEHUE OTPE3KOB MOKHO 3aMEHUTH
OTHOIIEHHEM OOBEMOB MUpPaMHJ C OOIKUM
ocHoBaHueM (cM. puc. 91)

DH DF Ve
2
OH OG V-

rae DF u OG — BBICOTBI TUPAMUIL.
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Ilpumep 85. Ha pebpax AB, BD u DC
nupamudvl ABCD e3amer mouxu M, L u K

1 1

mak, umo  AM EAB’ BL ZBD,

2

DK gDC . B xaxom ommnowenuu nnoc-

kocmo KLM oenum ompe3ok, coedunsaiowuii
cepeounwvt pebep AD u BC?

Pewenue. O603HauuM cepenubl AD u
BC 4gepe3 P u Q COOTBETCTBEHHO (CM. pHC.
92). B ceyeHHM MOIYYUTCS YETHIPEXYrOJib-
HUK, HO JUISl pelIeHus 3a/Jadd J0CTaTOYHO
paccMOTpeTh OTHOLIIEHHE 00BEMOB MMUPAMUJ]
PMLK w QOMLK c¢ o0OmMM OCHOBaHHEM

MLK .

Ecmmu S ,,, a,T0
s DPDL . 13 3a
PP p4a DB P 2 4 g’
BM BL 21 a
S g Bp 0™ 330§
AP AM 11 a
Swe Tp g S 339
31 1 Ta
S I =
PML 8 6 6 ABD 24
KD 2 2V
VKABD C_D VABCD g Vv ?’



(%}

7w
24 5  60°

MPL

VPKLM KABD

(0%}

ABD

<

rae VABCD

11V
- (HO'

AnanorndHo nosyaem V., P

kaxute!). OTHOLIEHHE

w7

60 60 11°

ﬂ VPKLM
ON Voxu

Omeem: l
11

e Ilycts B nupamune MABC Ha pebdpax
MA, MB n MC wiu Ha UX TIPOJOJDKEHUIX

B3SIThl COOTBETCTBEHHO TOUKH 4, B,, C, TaK,
MA :MA k, MB,:MB m
MC, :MC n. Torga o0beMbl NUPAMUL
MAB,C, n MABC cBszanbl GopmyInoi

qTo

VMAIBICI kmn Vg (*)

(CMm. onopHyto 3amauy 12).

Ilpumep 86. B ocunosanuu nupamuovl
DABC neoxcum mpeyeonvuux ABC, 6 xo-

8
AC BC =,
V3

moyka T — cepeouna AC. Bokosoe pebpo

mopom C 30, 14,

AD pasHo 673 u NepneHOUKVIAPHO NIOC-
kocmu ABC. Ha pebpax AD, BD u ompes-

ke DT e63ambl coomeemcmeeHno mouKu
M, N, P max, umo AM :MD 2:5,

DN:NB 2:5 u TP:PD 7:5. Haumu
06vem nupamudvt DMNP .
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Pewenue. Tak xak pedpo AD nepnes-
TUKYJISPHO TUIOCKOCTH OCHOBaHHUS, TO 00b-
eM V nmpamuael DABC paBeH

14 %ADSABC éADACBC sin C

1 g8 1

263 14 = = 56.

6 J3 2

Tak xak Mmequaga B7 AeluT IUIOMAAb
TpeyrojipHuka ABC momnonam, ToO 00beM

nupamuasl DATB Oyner paBeH g 28.

Puc. 93

Touku M, N, P nexat Ha peOpax mupa-

Muasl DATB (cM. puc. 93), noatomy 1o
dbopmyre (*) moydaem

DM DP DN
DMNP DA DT DB DATB
S 72 10
712 7 37
1
Omeem: ?0

Mpumep 87. B npasunvnou uemwvipex-
yeonvroti nupamudoe MABCD ece pebpa
pasHvl. Touxu P u N — cepedunwvl pedep
BM u DM . B xaxom ommuowenuu oenum
00vem nupamuodvl ceuenue, npoxoosuee ue-
pe3 npamyro AP napannenvno ouaconmanu
ocHosaHnuss BD?

Pewenue. Taxk xak Touku P u N — ce-
peaunsl pedbep BM u DM, to PN — cpen-
HAsl JIMHHAA ~ TpeyroJbHUkKa BMD wn
PN || BD . Tak kak uepe3 TOUKy P MOXHO
[IPOBECTU E€IUHCTBEHHYIO MHpPSIMYI0, Iapai-
nenbHyr0 BD wm cekynias INIOCKOCTh TaKKe
napajuienbia BD, To PN 1€XUT B IUIOCKO-
cTu cedeHus (cMm. puc. 94a).

Tak xak nupamuzaa npaswibHas, T0 MO
— BbICOTa nupaMuibl (O — TOUKa repeceye-



HUA JaroHajen OCHOBAaHHUS),
MO BMD CMA.

Ilycts TOuka £ PN MO, torna £ —
cepernHa MO . Torpa npsamas AE Taxxke
JEKUT B IUIOCKOCTH CEYEHUS U IIyCTb
K AE CM, U YETBIPEXYTOJIbHUK
APKN — ommMcaHHOE B YCIIOBHUE CEUYCHHE

nmupaMubl.

Puc. 94

Ha BerHOCHOM uyeptexe (cm. puc. 940),
npoBeneM otpe3ok OQ || AK . Torma, wuc-
noJib3ya treopemy daineca, nonydaem KE —
cpenHsisi JuHUSA TpeyroibHuka OQM u
OK KM, a OQ — cpenHss JuHus Tpe-
yromeanka CKA u CQ QK. Cneposa-
TenpHO, Touka K penut pebpo CM Tak,
yto MK : MC 1:3.

[Tnockocte CMA pa3buBaeT Kaxiayr W3
nupamut MABCD n MAPKN Ha nBe paB-
HBIC TPEYrojbHbIE MUpPaMHIBL. Vcrmonmb3ys
COOTHOIIIEHUE (*), TIOJTydaeM

MK MP MA

MC MB MA

1
1 VMBCA g VMBCA'

1

_ VMCDA .

MPKA MBCA

11
32
Ananorundso, V, ..,

CoOTBETCTBEHHO, 00BEM  MHUPAMUIBI
MAPKN Oyner cocTaBisiTh LIECTYIO 4acTh
oO0beMa JaHHOW TMPaMHJBI, a CEKyIas
IUIOCKOCTh OYyIeT IeIuTh 00hEM B OTHOIIE-
Huum 1:5.

Omeem: 1:5.

e [lyctb @ 1 b — NIUHBI IBYX IPOTUBOIIO-
JIOKHBIX pedep TeTpadapa, d — pacCTOsHHE,
a — yroJ Mexay HuMu. Torga oObem TeT-

pasjipa MOXHO BBIYUCIUTH 110 hopMyJie
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V labd sin
6

(Cm. onopHyto 3anauy 9).

Ipumep 88. Jlan eounuunviti xyo
ABCDA,B,C,D,. Haiimu ob6vem nupamuobvi
AB/CD,.

Pewenue. Umeem AB, CD, V2 (cm.
puc. 95). PaccrosiHre Mexy CKpelnBaro-
muMucs npsameiMi AB; u CD, , nexxamumu

B IapajulebHBIX IUIOCKOCTSX, PaBHO 1.
Yron mexay HUMH paBeH 90 , Tak Kak
AB,||DC, u CD, DC,. CnenoBarensHo,

B,

Puc. 95

Y4B cp 4D sin (4B;cD)
6

AB,CD,

éﬁﬁll 1

3
1
Omeem: —.
3

Ipumep 89. Ha ouaconanu epanu eou-
HUYHo20 Kyoa e3amel mouku M u N, a Ha
CcKpewugarowericsi ¢ Hell OUd2OHANU COCeo-
Heu epanu 63amol mouku P u Q. Hzeecmmno,

umo MN %, PO % Haiimu o6vem
mempaszopa MNPQ.
Pewenue. [TycTp JlaH KyO

ABCDA,B,C,D, (cm. puc. 96). Orpesku MN
u PQ nexar Ha npsambix AB, n A,C, coot-
BeTrcTBeHHO. Tak kak DC, ||4B,, 10

(4B,, AC,) ACD 60 .
npsimele AB, m A,C, nexar B napajienb-

Tax kak

HbIX mockocTsXx AB,C u A,C,D , To



Puc. 96
1
(A4B,, AC,) (AB,C, AC,D) —.
1 1 1 1 1 1 \/g
[Tosmyuaem
y 111143 1
M6 233 2 72
Omeem:i.
72

e [lycte p W ¢ — MIOmAAW IBYX TpaHei
TeTpadapa, a — JJIuHa odmero pebpa, —
BEJIMYHMHA JIBYTPAHHOTO yIJIa MEXKIY dTUMU
rpaasimu. Torma oObeM TeTpa’zpa MOXKET
OBITH BBIYUCIICH TI0 (popmyIie
2 pgsin

3a

(CMm. onophyro 3amauy 11).

v

Ipumep 90. Haiioume ob6vem nupamuovl
ABCD, 6 «komopou AB 4, BC 5,
AD 6, BD 7, CA 8, a osyepanubl
yeon ¢ pebpom AB pasen 60 .

Puc. 97

Pewenue. Victions3ys hopmyny ['epona,
HaxOJIUM TIUIOIIAJAX TPEYrOJIHHUKOB (CM.
puc. 97) ABD n ABC':
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V17 9 35 N17. 917

S 480 T S e 4

Torna uckombiit 00beM MUPAMHJIBI PAaBEH

24172 92357 43 1534/35

|4 —:12
16 2 64
1534/35
Omeem: .
64

npuHYUN pazouenun u 0ONoJIHeHus

WNHorpa mpu BBIUMCICHHH 00beMa MHO-
rOrpaHHUKA MCIOJIB3YIOT AOTOJHEHHE STOTO
MHOTOTpaHHUKA J0 NUPaMHUAbl (IIPU3MBI)
WU pa30ueHne Ha 3TH QUTYPHI.

Hpumep 91. B mpeyeonvuou npusme
ABCABC, ¢ obwvemom 180 cv’ nposedeno
ceuenue yepes eepuiuny A u cepeounvi pe-
oep BB, u B,C,. Haiimu obvem omceuen-

HOU Yacmu npusmsl, cooepicawjeil peopo
CC,.

Pewenue. O603naunm uepe3 M u N ce-
penunsl pedep BB, u B,C, COOTBETCTBEHHO
(cm. puc. 98). [anee HaxXoguM TOYKH
S MN CC,uP S4 AC, uB cede-

HUMU IIOJIYYUM YETHIPEXYrONbHUK APNM .

Puc. 98

[Toctpoum touxky L MN BC. Ilycts
H — BpicoTa npusmel,  — mioniaab OCHOBa-
Hus. O6bvembl mupamun SALC, SPNC, n

MALB o6o3nauum uepes V,, V., V,.

Touku M u N — cepenibl pedep, o3ToMy
BL %BC, CL %BC. 3HauuT, S, %Q .

3

Taxxe SC, %CC], SC ECC] U BBICOTA

nupamuiel SALC paBHa %H .



O0Bem

13
g EH SALC

3 3

v, ZHQ 2 180 135.
IMTupamuna SPNC, nonoOHa nupamuie

SALC c xosddunrenTom k % (SC,:SC
1:3). IToatomy

135

v, kv, — 5.
’ *27
Tak kak M — cepenuna pebpa BB, 10
BbICcOTAa mupamuasl MALB paBHa %H .
Kpome  Toro BL %BC, IIOATOMY
1
S s EQ.3HaT-II/IT,
11 1 1
Vv, —=-H S —HQ — 180 15.
¢ 31 S MO

O06beM OTCEeUEeHHOM YacTH MPU3MBI, CO-
nepkauieit peopo CC, paBeH

vV, V, ¥V, 135 5 15 115 (ea).

Omeem: 115 cn’.

IIpumep 92. (EI'D 2008). /lan npsamo-
yeonvnuui napannenenuned ABCDA B, C\D,.

Ha ezo 6okosvix pebpax AA, u BB, nexcam

mouku M u P coomeemcmeenno max, umo
AM M4, 8:11, BP:PB 2:1. Bo
CKOJIbKO pa3 06vbem 0aHHO20 napaiieienune-
da bonvue 06vema NUPAmMuUobL ¢ EPUUHOU 8
mouke P, ocnoeanuem xkomopoii sénsemcs
ceueHue OaHHO20 napanierenunedda NioCKo-
cmovio BMD,?

Pewenue. O0beM V' n1aHHOrO napae-
nenunena paseH V' CB BA BB, (cMm. puc.
99). Ceuenue mapajuieNenuena IIOCKO-
cTei0 BMD, — mapanenorpaMmm BNDM ,
KOTOPBI JEeTUT ero oOBeM TommojiaM |

CN

8
— (cM. onopHyIo 3amagy 21).
NC ( pHyIO y21)

11
e

Tak xax VPBNDIM E NC, D, 4, MPB, *

TO

HalileM cHadajga oObeM MHOTIOIpPaHHUKA
NC\D,AMPB,. 1ns 3T0ro pa3odbeM ero Ha
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nse nupamunasl D NC\BP u D PBAM n
HalJileM 00beM KaXJOW M3 HHUX, YUUTHIBAs,

YTO TPOTUBOIIOJIOXKHBIE pedpa mapasierne-
muIeaa paBHBbI.

189cc] iBB,
SNCIBIP 2 C]B]
3ep BB,.
57
:;AA, §BB,
SPB,A,M f AIBI
Ly BB,.
114
1 31
VDINCIBIP g D]C] SNCIBIP 5 E V.
1 71
VDIPBIAIM E D]A] SPBIAIM g m V.
4
9
Omeem: 9.

TpeyronbHyr0 nUpamMugy MOXKHO JIO-
CTPOUTH JI0 TMapaUIelieuIe/a ABYMsS CIIO-
cobamu.

1-1i cnoco6. Tpeyronbauk ABC noctpau-
BaeM Ji0 napajuienorpamma ABEC, 3aTteM 10
napamnenenunena ABECA B E,C, (cM. puc.
100). B atom ciyuae

Viper V.

ABCA, 6 ABECABEC, *

(CM. onopHyro 3amauy 7).



Puc. 100

Ipumep 93. B mpeyeonvhoii nupamude
OoKosble pebpa 63AUMHO NepPneHOUKVIAPHbL

U umerom OJIUHbL \/%, \@ u /126 . Hai-

mu 00vem nupamuowl.

Pewenue. JlanHyro nupamMuay JOCTPaH-
BaeM JI0 IPSIMOYIOJBbHOIO Iapaljelenure-
na. Torna uckomblii 00beM paBeH

1% %\/%\@\/126 214/55 .

Omeem: 2 lx/g .

2-u cnoco6. IlpoBomuM depe3 KaxkIoe
pedpo TeTpadipa MI0CKOCTh, HapauIeIbHYIO
MIPOTUBOTIOJIOKHOMY peOpy (cMm. puc. 101).
B sToM cnyuae pebpa ncxoIHOTO TeTpaspa
ABJIIFOTCS AHUarOoOHaJIsIMUu rpaHeﬁ IMOJIY4YHB-
1Ierocs napajuieienurneaa u

1

g VDECFHA GB *

VABCD
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Ipumep 94. Jlsa npomueononoxcruvix
pebpa mpeyeonvbHoU nupamuosbl pasHvl 4,
0sa opyeux paeuvl b, 06a ocmasuiuxcs — C.
Haitioume o6vem nupamuoewi.

Pewenue. JlocTpauBaeM JaHHBIA TETpa-
3p [0 Hapajelenunena, MNpoBOJsS 4Yepes
Ka)x/10€ pedpo INUIOCKOCTb, MapasuIebHYIO
MPOTUBOTIOJIOKHOMY pebpy. CormacHo yc-
JIOBUIO 3aJjaud IOJy4aeM MPSMOYIrOJIbHBIN
napajuienenunes (IMaroHaad B KaxJoH
rpaiu paBHbl). [lycThb nHHeNHbIE pa3Mepsl
napajuieJienunesa COOTBETCTBEHHO paBHBI
AB x, AD 'y, A4z (caenaiite pu-
CyHOK). Mcxos U3 yclioBUs, COCTaBUM CHC-
TEMY YpaBHEHUI

2 2 72
v ozo b,
2
z

[Ipu cnoxeHnn ypaBHEHUH OJIy4aeM
1
x2 y2 ZZ 5 (a 2 b2 CZ) )

3aTem, BBIUMTAS U3 TIOCIICTHETO PABEHCT-
Ba KaX/10€ PaBEHCTBO CHCTEMBI, HAXOAUM

1
2 2 2 2
x> —(a” b~ c¢7),
5 ( )
2 1 2 2
y- —(a” b
ZZ l( a2 b2 CZ)
5 .
Torna nckombiit 00beM paBeH

cz),

oz
3

v

%\/(az B )a' b ) B ).

Omeem:

1—*/25\/(612 p )a B ) b B ).



e OOBEM TPEYroJpbHOIO IMPHU3MATHYECKOTO
tena A B,C/A,B,C,, OrpaHMYEHHOIO Tpe-
yronsaukamMu A BC, n A,B,C,, MOXHO
BBIYUCIIUTH TIO popmyrie

A]AZ B]BZ C]CZ S

ABC >
3

4B,C4,B,C,

rae Wiockocth ABC neprneHuKyispHa peo-
paM TPU3MaTHYECKOM IMOBEPXHOCTH (CM.
puc. 102).

A,
A
A,
Puc. 102
B gactHOCTH,
AA, BB, CC,
ABCA,B,C, 3 SABC .

(CMm. onophyro 3amauy 13).

Ipumep 95. ITiowaov ocnosanus ABC
npsamoti mpeyeonvrou npusmvl ABCAB,C,
pasna 30. Touxu F, E, D nexcam na pebpax
A4,, BB, CC, coomeemcmeenno, npuiem

AF 4. Hatimu obvem mpey2onbHOU nu-
pamuodvl DAFE .

Pewenue. ]lanHyro

MIAPAMULY DAFE
MOXHO  IPEJICTaBUTH
KaK TPEYrOJIbHOE

MPU3MATHIECKOE TEJI0,
OTPAaHUYEHHOE CHU3Y U
CBEpPXY TpeyrojabHUKa-
mu ADE mn FDE co-
OTBETCTBEHHO, MPHUYEM
9TH TPEYrOJIbHUKHI
HMEIOT JBe  oO0mme
BEpIIMHBI (CM. pHC.

103).

Haxoaum nckoMplit
00BeM
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400 30 40.

VDA FE

Omeem: 40.

Ipumep 96. (EI'D, 2007). Cmoponst AB
u AD ocnosanus npamoy2oibH020 napaiie-
nenuneda ABCDAB,C\D, pasnvt 7 u 5 co-
omeemcmeenHo, bokogoe pebpo AA, pasno
3. Touku L, K, M nexcam na pebpax AD,
AB,, BC, max, umo AL:AD 3:5,
AK:AB, 4:7, BM:BC, 2:5. Hai-
mu 0bvem nupamuodwvl ¢ sepuiunoti K u oc-
nosanuem AMC,L.

Pewenue. Tpeyronsuuk AKB, sBusercs

OPTOTOHAJIBHOM  NIPOEKIMEH  IHPaMHUJIbI
KAMC,L na nnockocts ABB, (cM. puc.
104). Haiinem HE0OXOIMMbIE BETUMIMHBI:

3 3

KB, =7 3,MC, =5 3,
7 5
3 1 9
AL S5 3,8, 33

IMupamuny KAMC,L MoOXHO mpejcra-
BUTh KaK NpPU3MATHUYECKOE TeJo, OTrpaHU-
yeHHoe TpeyronbHukamMmu AKM u KLC,,
[IPUYEM ATH TPEYTOJbHUKU HUMEIOT OJHY

L D
Puc. 104

o0myro Touky. Torma MCKOMBIA 00BEM pa-
BEH

AL MC, 0 33 009
V f] SAKB] 3 5 9.
Omeem: 9.



3. 3agaum Ha IKCTPpEMYM
3.1. AHaIUTHYECKUI MeTOo/]

B peuienun crepeoMeTpuuecKkux 3aadax
Ha OIpe/eJeHUE IKCTPEMAJIbHBIX 3HAUEHU
HCKOMBIX BEJIMYWH, TaKXKe€ Kak W B IUJIaHH-
METPUUYECKUX 3aJauyax, MOKHO BBIJICIHUTH
7IBa MO/IX0J1a — TEOMETPUUYECKUN U aHAJIUTH-
4Yeckuil (C MCIOJIb30BAHUEM CPENICTB AU]-
(depeHunanbHOro ucyucieHus). B mpaxkruke
BCTYNUTEIBHBIX 9K3aMEHOB HauboJiee 4acTo
HCIIOJIBb3YeTCs nmocnennuii. PaccMotpum He-
CKOJIBKO MPUMEPOB Ha €ro MPUMEHEHHE.

Ilpumep 97. Cmoponvi ocHnosanus
ABCD npsamoyzonvHoeo napaiienenuneod

ABCDA,B,C,D, omnocamca xak 3:4, a ne-
pumemp ouazonanvroco ceuenus AAC,C

pasen 10. Kakoti naubonvuwuti obvem mo-
Jrcem umems 3mom napasienenuneo?

Pewenue. Ilycte AB 3x, AD 4x,
rae x — KO3(PPHUIMEHT TPONOPIHOHATEHO-

CTH (cMm. puc. 105). Torna
AC 9x? 16x* 5x.
C,
Bli iDl
T4,
5 / °
3x 4dx
A
Puc. 105

N3 ycnoBus 3anaun nMeem
2(AC A,4A) 10, 44 5 AC 5 5x.

Orcronma momyvaem, uto 0 x 1.

Haxonum o0beM napaenenumnesa:

V(x) AB AD AA,,

V(x) 3x 4x (5 5x) 60x*(1 x).
Uccnenyem o¢ynkumo f(x) x° x° Ha
HauOOJIbIIICe 3HAYCHHUE Ha TMPOMEKYTKE
(0;1). Tlpoumssommas f (x) 2x 3x° 06-
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pamaercss B HyJdb B E€JUHCTBEHHOW TOYKE

X 3 paccMaTpUBaeMOro  MPOMEXKYTKa,

INpu4YeM MCHACT 3HAK C «IUIKOCa» Ha «MH-
Hyc». [lostomy ¢ynkmms f(x), a 3HAYUT

2
V(x) umeer B Touke X — HauOoOJIbIIEE

8
3HaueHue. B atom ciiywae AB 2, AD —,
AA, 3 U TapajielenuIe]] WMeeT Hau-

. . 80
00mbIIMNA 00bEM, paBHBII e

Omeem: &
9

Ipumep 98. Haiimu naubonvuwuii 06vem
NPABUNILHOU N-Y2OAbHOU NUPAMUObl, OOKO-
80e pebpo Komopoti pasHo 1.

Pewenue. O6beM nupaMuJibl BeIpakaeT-
Ccsl uepe3 IUIOIIa b OCHOBAHUS U BBICOTY

1
nupamuabl popmysoit V' 3 h S,

ITycth cTOpOHA OCHOBAHUS MHPAMUIBI
paBHa x. Torma miuom@ags OCHOBAaHHS BbI-
paxaetcs 1o (Gopmysne MIoNaan MPaBUIb-
HOTO 71-YrOJbHUKAa CO CTOPOHOM X cie-

n
nyromum o6pazom S, 2 x* ctg—.
n

Bricota nupamusl Belpaxaercs GpopMmy-

noit b I*> R*,rme R — paaumyc onmcaH-
HOW OKPY)KHOCTH OKOJIO OCHOBaHHsA. Jlis
TIPABHIILHOTO 71-yTONBHUKA CO CTOPOHOH X

X
paauyc paBeH R
2sin —
n
O0o03HaunuM — , TOraa
n
n 2
V(x) — ct X
(x) 7 ctg
rae x 0;2/sin  (mOJIydeHO W3 YCIOBUSA
0 hn 1[).

n
Tak KaK MHOXKHTEIb Ectg B hopmyne

st V(x) oT X HE 3aBHCHUT, U 3HAK KOPHS HE

MEHSET XapakTep 3KCTpeMyma, TO JOCTa-
TOYHO HaWTW HauOoJipllee 3HaYeHHE (YHK-



6 1

1007031 f(x) x'I* x — Ha
4sin
0;2/sin . ®yskums f(x) maddepenmn-
pyema Ha OJTy4YeHHOM MTPOMEXKYTKE U
3x°
x) 4x’ P ———
S 2sin’

Kputnueckne touku ¢yHkuuu f(x)or-
penenstorest U3 ypaBaenus f (x) 0 wim

AP ——— 0.
2

KopHsAMH 3TOro ypaBHEHMS SBISIOTCS

gucna 0 wu \/glsin . IIpomexyTky

0;2/sin MIPUHAJICIKUAT TOJILKO

X \/g [sin . IlpomsBognas f (x) MeHseT

3HAK IPU NMEPEX0JIe Yepe3 3Ty TOUKY C ILIIO-
ca» Ha «MuHYyc». CieloBaTenbHO, IPU ITOM
3HaueHUH X ¢GyHKous f(x) u V(x) npuHH-
MalT Ha 3TOM IIPOMEXKYTKE HauOOJIbIIee
3Ha4YeHHE U

2
V.. Loctg 8 psinr | 20
12 3 3
no.
—— sin2 I
93
Omeem: —— si112— P,

9\/5 n

3.2. 'eomeTpuvecKkuii MeTOQ

pumep 99. B npasunvnou uemwvipex-
yeonvroti nupamudoe MABCD ece pebpa
paeuvl a. Haumu HaumeHnvuwiee 3HayeHue
naoOWaou ceveHus NUpamuobl NI0CKOCMbIO,
npoxoosueti yepe3 OUa2oHalb OCHOBAHUS.

Pewenue. Tax Bce pebpa nmupaMuibl paB-
HBI, TO PAacCMOTPHUM CCUCHHsS IUPAMHUIBI
IUIOCKOCTSIMH, TIPOXOJSIIMMH, Harpumep,
yepe3 nuaroHanb AC (cm. puc. 106). Ilpu
JO00OM TOJIOKEHUM CEeKYIIEeH IJI0CKOCTH,
OTJIMYHOTO OT ClIyyasi, Korja 3Ta IJI0CKOCTh
COBIA/IAaeT C IUIOCKOCThIO OCHOBAHHUS, ceye-
HUeM OyzaerT SBIAThCA pPaBHOOEAPEHHBIN
TpeyronbHuk ACN , BepmmHa N KOTOpPOIO
JIeXUT Ha pedpe BM wnu Ha pebpe MD .
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PaBenctBo AN CN cnenyer U3 paBeHCTBA
TpeyronbHukoB AND u CND .

B tpeyronpauke ACN otpe3ok NO sB-
nsercss MeauaHod U BbicoTod. Crenosa-

1

TENBHO, S,y 5 AC ON . Haumensuiee

3HAYEHUE IUIOINATU CCUYEHUS COOTBETCTBYET
HauMEHbIIEMY 3HaueHUI0 ON .

Puc. 106

Tak kak TpeyrosbHuk OMD — npsmo-
YTOJIbHBIA U PABHOOEAPEHHBIN, TO CBOE Hau-
MeHbIee 3HaueHne ON JIOCTUTHET B CIIy-
yae, ecii ON Oyner NepneHIUuKyIspeH
MD (1o cBOWCTBY HEpIEHIUKYspa U Ha-
KIIOHHOM K 1psMoil). B TpeyrosbHuke

OMD MO OD

NG

a
Ha E 3HaYUT HAUMEHBIIIEE 3HAUYEHUE TLIO-

u BbicoTa ON pas-

araau CEUYCHUA
1
S HanM 5 \/Ea

2
a

Omeem:

WNuorpa ynoOHO HCHOJIB30BaTh W3BECT-
Hble aredpanvyecKre Wik TPUroHOMeTpUuye-
CKUE€ HEpaBEHCTBA IPH OLICHKE BBIPAXKEHUI,
COJIepKalIUX FeOMETPUUYECKUE BETUUHHBI.

Ipumep 100. Beruuuna ogyepannozo ye-
na paeua . Ilpamas | nedxcum 6 niaocko-

cmu 0OHOU 2panu 3mMo2o 08YePAHHO20 Yeld.
Hatioume naubonvuiee 3navenue yena medic-
0y npsamoti | u nrockocmoio Opy2eot epaHu.

Pewenue. 1lyctob 90 . Ecnu npsimast

[ mapannensHa pedpy ABYIPaHHOTO YIJIa, TO
HMCKOMBIA YroJl paBeH Hynwo. PaccMorpum
ciydail mepecedeHust npsimoil [ ¢ pebpom
AByrpaHHoro yria. O603HauuM TOUKY nepe-



ceyeHus yepe3 A . [lycts Touka B npuHan-
JEKUT TpsiMoit [ Tak, uto AB 1 (cm. puc.
107). Ecim H — npoexkuusi Touku B Ha
IUIOCKOCTh JIpyroi rpanu, O — MpOeKUus
Touku B Ha pebpo aByrpanHoro yria. To-
r1a W3 MPSIMOYTOJIbHBIX TPEYroJIbHUKOB
BAH, BOH, AOB mocnefaoBaTelbHO TOJIY-
Jaem

Puc. 107

sin BAH BH OBsin BOH
sin BAO sin BOH sin BAO sin

Tak xkak sin BAO 1, To MakcUMaJbHOE
3HaueHue sin BAH sin ¥ HanOoJIbIIEe

3HAQ4YECHME YIila MEXAY IpsIMOM / U IUIOCKO-
CTBIO APYroil I'paHu paBHO , TO €CTh Ips-

Mas [ TepneHauKyIspHa pedpy AaHHOTO
JBYTPAHHOTO yrJa.

Cnyyan 9 u 90 paccmotpute

CaMOCTOSATENBHO.
Omeem:

IIpumep 101. B ocnoganuu npsamou
NPUMbL JIEHCUM NPAMOY20IbHbLIL MPEY20/ib-
HUK C naowaovio, pasHou 2, a evicoma
npusMuvl pasHa 2unomenyse ochosanus. Ka-
KUMU OOJIHCHBL OblMb CIMOPOHBI OCHOBAHUSL,
ymooOvl 6OKOBAsL NOBEPXHOCHL NPUIMBL ObLIA
HaumeHvueu?

Pewmenue. O003HaYNM KaTeTbl OCHOBA-
Hus yepes a u b (cm. puc. 108), Toraa rurmo-

TeHy3a paBHa va’ b’, a 6OKOBas MOBEPX-

HOCTDb ITPU3MBbI

(@ b Va® PWa b
(a bWa* b* a* b>.

W3 ycnoBus 3anaun ab 4. [IpeoOpasyem
BBIpaXKE€HUE
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(@ b)@ b’ 2ab (a b)> 2ab
(@ bW b’ 8 (a b)> 8.

b

Puc. 108

Oyuxums f(t) tVt° 8 t* 8 crporo
BO3pacTamomas (JOKaXHUTe), MOITOMY Hau-
MEHblIee 3HAaUY€HUWE NPUHHUMAET NpU Hau-
MEHBIIIEM 3HA4Y€HWHU ¢, a IIOCJIIeAHEE BbIpa-
KEHHUE — NP HAUMEHBIIIEM 3HAUEHUU a b .
W3 HepaBenctBa a b 2vab 4 CIIETyET,
YTO 3TO IOCTUraercsi npu a b 2.

Omeem:tipu a b 2.



4. lonoJTHeHUsI

4.1. MeToabl OCTPOEHNS cedeHUs
MHOIOIPpAHHUKA

Crnedom naockocmu Ha niockocmu

Ha3bIBAIOT MPSAMYIO, 110 KOTOPOH MJIOCKOCTH
[IePEeceKaeT II0CKOCTh

Cneoom npamou | ma niockocmu  Ha-
3BIBAIOT TOYKY TICPECEUYCHHS TMPSAMOH ¢
TUTOCKOCTBIO

OnopHas 3agada. Haumu mouky nepece-
yenuss OaHHou npsamou AB ¢ niockocmuio
(AB me napannenvua ).

Pewenue. 3ajaua MMeeT peLICHUE B CITy-
yae, eclid BO3MOKHO MOCTPOUTDH Hapajuiesb-
HYIO WM LEHTPAIbHYIO0 MPOEKLIHI0 JTaHHOU
npssMoi AB Ha miockoct . B mepeom
(cm. puc. 109a) u Bo BTOpoMm (cMm. puc. 1096)
Cllydae CTpOSITCS IPOEKIMH NPsIMOM Ha
IJIOCKOCTh. Tak Kak npsiMass AB u ee mpo-
eKIMH JIe)KaT B OJHOM TJIOCKOCTH (00pazo-
BAHHOM: B MEPBOM Cllydyae HapaieIbHbIMU
npssmMeiMu A4, 1 BB, , BO BTOpoM — mepece-

KaromuMucs npsiMeiMu SA 1 SB ), TO Touka
ux nepeceueHuss M H ecTb HCKOMas.

S
A A
B

B, W
1Y/
/ \
a 6

Puc. 109

Hpumep 102. [locmpoums creo npsamotl
BM na epanu xyoa DD,C,C (cm. puc. 110a).

Pewenue. 1lpsmas BM — napainenbHas
npoekuus (mapawieIbHO OOKOBOMY pedpy
Ky0a) npsMoii B, M Ha IJIOCKOCTh OCHOBa-
Hus (cM. puc. 1106). Touka N — Touka mne-
pecedyenus npsimbix BM u DC. Dta Touka
SBIISICTCS TPOCKIMEH TOYKH IepecedeHust
npsasmoil BM ¢ rpansto DD,C,C. Yepes
Touky N mpoBoauM mnpsimyro NP, mapai-
nenpHyI0 0okoBOMY peOpy. OHa mpuHazie-
KUT TUI0ckocTH rpanu DD,C, u nepeceuet

apsSIM B M B TOouke TOCKOJBKY OHU
1 ) Yy
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JexaT B oAHOM 1uiockoctu BB M . Cneno-
BaTeJIbHO, TOUKAa () — UCKOMaS.

B,

Puc. 110

Ceuenue MHO202paHHUKA NAOCKOCMbIO —
MHOTOYT'OJIbHUK, IPEACTaBISAIOUUN co0oi
MHO>KECTBO BCEX TOYEK MPOCTPAHCTBA, MPH-
HaJJIeXKalluX OJHOBPEMEHHO JJAaHHOMY MHO-
TFOTPAaHHUKY U IUIOCKOCTH, IJIOCKOCTh IPH
9TOM Ha3bIBACTCS CeKywell NI0CKOCHbIO.

Cexkyl1as IIIOCKOCTh MOXKET OBbITh 3a/laHa
pa3IMYHbIMU crioco0aMu, Harpumep:

a) TpeMs TOYKaMU, KOTOpbIE HE JIeKaT Ha
OJHOM MPSIMOM;

0) mpsAMOIl M TOYKOH, HE JNexalled Ha
HEH;

B) IBYMsI II€PECEKAIOIIIMHUCS MTPSIMBIMH;

I') HEKOTOPHIMH U3 YKa3aHHBIX BBIIIE
IF€OMETPUUECKUX 3JIEMEHTOB B COBOKYITHO-
CTH C Pa3IMYHBIMH 3aBHCUMOCTSIMH MEXIY
HUMU U 3JeMeHTamu (TpaHsmu, pedpami,
IMaroHaJSIMU U T. JI.) MHOTOTPaHHUKA.

[TocTpoeHne MIIOCKUX CEYEHUW MHOIO-
IPAaHHUKOB BBITMOJHSETCS HA OCHOBE COOT-
BETCTBYIOIINX IPOCTPAHCTBEHHBIX aKCHOM
U TEOpEM.

Ilocmpoums  ceuenue MHO202pAHHUKA
NJIOCKOCMbI0 — TO 3HAYUT MOCTPOUTH MHO-
TOYTOJIFHUK BCE€ BEPIIMHBI U CTOPOHBI, KO-
TOPOr0 — COOTBETCTBEHHO CIIEIbl CEKYIeH
IJIOCKOCTH Ha pedpax U TpaHsSX MHOTOTpaH-
HUKA.

Haubonee yacto nmpuUMeHSEMBIMU METO-
JaMH TIOCTPOCHUSI CEYEHUI MHOTOTpPaHHU-
KOB IJIOCKOCTBIO SIBJISIFOTCSI: METOJ] CJIEA0B U
METO/1 IEPEHOCa CEKYLIEeH MIOCKOCTH.



MEMOoO «Cl1e00s»

[Ipy wmcrosnb30BaHUM ATOrO0 METOJA CHa-
yajia CTPOUTCS CJIE]] CEKyIlel IUIOCKOCTU Ha
IIJIOCKOCTH OJTHOM M3 I'PaHEl MHOTOI'PaHHUKA
(mbo Ha AMAaroHaJbHOM TIJIOCKOCTH WJIH
IJIOCKOCTU CUMMETPUHU), a TaKKe ClIeIbl Ha
MPSIMBIX, COJIEPIKAIIMX CTOPOHBI ATOM I'PaHHU.
Janee ctposiTcs cielpl CEKyIen IIOCKOCTH
Ha JPYr'UX T'PaHsX MNpU HAJIMYUU JABYX CJIEJIOB
Ha MPSAMBIX, COJAEPKALIUX CTOPOHBI COOTBET-
CTBYIOILIEY IPaHH.

Ipumep 103. I[locmpoums ceuenue kyoa
ABCDA,B,C,D, naockocmvio, npoxoosuyei

yepes mpu 3a0aHHble HA e20 pedopax mouKu
M,N, P, o0se uz komopwvix nexcam Ha

cmedicHuix pedpax (cm. puc. 111a).

Puc. 111

Pewmenue. Touku M u N nexar B
IUIOCKOCTU CEYEHUsl U B IJIOCKOCTH AA B,
MO3TOMY OTpe30K MN  cien cekyueun
IUIOCKOCTH Ha rpanun AABB. Jna mo-
CTPOCHHS CJICIOB Ha JIPYTMX IpaHsIX MOCTY-
MaeM CIEAYIOIMHUM 00pazoM.

[IpoBomum npsimyto MN (cm. puc. 1116)
70 TIepeceueHus ¢ npaMbeiMu AB u BB, , ne-
JKalllUMU ¢ HEW B OJHOW IUIOCKOCTH U HE IIa-
pautenbabiMu €. Toukn K, u K,  cuensl
CEKYIIEeH TUIOCKOCTU Ha YKa3aHHBIX MIPSIMBIX.

Puc. 111
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Toukn K, m P nexar B IJIOCKOCTH
ABC (cm. puc. 111s), cnemoBaTesbHO,
npsamasg K, P v touku N, u K, — ciensl ce-

Kyllel INUIOCKOCTH Ha mtockoctu ABC, Ha
pedpe AD u npsimoit BC COOTBETCTBEHHO.
Toukn K, m K, nexar B INUIOCKOCTU

BB,C, (cM. puc. 1112), cnenosarensHo, mpsi-
mas K, K,
wiockocth BB/C;, Touku B u M, ee

CJeJl CEeKyIlIeH MIOCKOCTH Ha

caensl Ha pedbpax CC, m B,C; cooTBercT-

Coenuusis B yKa3aHHOM TMOPSIIKE
M,N,N,, P, B, M,, nonydaeMm wuc-
ECTUYTOJIbHUK

BCHHO.
TOYKHU

KOMOE€ CCUCHUC —
MNN,PPM, .

Ipumep 104. I[locmpoums ceuenue kyoa
ABCDAB,C\D, nnockocmvio, npoxooswei
yepez mpu 3a0anuvle mouku M, N, P, ne-

Jcawue Ha Henepecekaowuxcs peopax (cm.
puc. 112a) npu ycrosuu, umo Hukakue osge
U3 HUX He JIedHcam 8 OOHOU CpaHU.

Pewenue. HaiineM TOUKy IiepecedeHus
npssimoid MP ¢ mnockocteto ABC . st 3t0-
ro MpPOBEIEM 4epe3 TouKy M mnpsmyto, na-
pajutenbHyt0 pedpy AA, (cMm. puc. 112a).
Omna nepeceuer pedbpo 4B B Touke K. Tax
Kak Touka P sexut Ha pedpe CC,, TO OHa
COOTBETCTBEHHO MPOEKTUpYETCsl B TOUKy C .
Touka K, MP K,C npuHaajexuT ILIOC-
KOCTSIM CE€YEHHUSI 1 OCHOBAHMUSI.

Puc. 112

Torpa npamas NK, — cien cexkymen
IUIOCKOCTU Ha IUIOCKOCTH OCHOBaHUS (CM.
puc. 1126), a Toukn K;, N,, K, cuensl Ha
npsmoit BC, pebpe CD u npsmoil AB co-
OTBETCTBEHHO.

Hanee nposoaum npsmeie K,M un K.,P
(cm. puc. 1126). Hckomoe ceuenue — 1ec-
tuyronsHuk MM NN, PF .



Puc. 1126

Hpumep 105. Ilocmpoums ceuenue ue-
mulpexy2onbHou nupamudvl SABCD nnoc-
KOCmbl0, npoxoosujeli yepe3 mpu 3a0aHHble
mouku M, N, P, nexcawue na ee pebpax

(em. puc. 113a).

Pewenue. 1lpsmeie MN u AD nexar B
mIockocTd SAD w He mapaienbhbl, Cre-
JI0BAaTEJIbHO, OHU IEPECEKAIOTCs] B HEKOTO-
poii Touke K, (cM. puc. 1136). Touku K, u
P mpunaexar niocKocTd OCHOBaHUS M-
pamMuabl U IJIOCKOCTH CEYEHHUs, CJe/loBa-
TenbHO, mpsaAMas K P — cuex cekymeu

i

Puc. 113

IUIOCKOCTHU HA IJIOCKOCTU OCHOBAHUS.

Ananoruuno, npsmele K;,P u AB mnepe-
cekarorcsa B HeKoTopod Touke K,. Toukm
N, nu B — caenpl cexymen IUIOCKOCTH Ha
pedpax DC u SB COOTBETCTBEHHO.

CoenuHsst  MOCIENOBAaTENbHO  TOYKH
M,N,N,, P, B, M, noiydaeM ce4eHUE —
nATHyroJbHuK MNN PF, .

Ipumep 106. /lanot mouku M u N,
nexcawue Ha OOKOBbIX 2PAaHAX Yemvlpex-
V2ONbHOU nupamuosl, u mouka P — na ee
boxosom pebpe (cm. puc. 114a). I[locmpo-
umv  ceyeHue NUPAMUObI  NIOCKOCHbIO
MNP .

Pewenue. HaxonuMm Ha IIIOCKOCTH OCHO-
BaHUs IHUpaMUIbl CIE€Abl HPAMBIX MN U
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MP —touxkn K, n K,,

YEHHUs YKa3aHHBIX NPSAMBIX U UX LECHTpallb-
HBIX IIpoexkuun M Ny, u M,B u3 nenrpa S

Kak TOYKHM Tepece-

Ha MJIOCKOCTh OCHOBaHMs (cM. puc. 114a).
IIpsmas K K,, ABIAIOMAACS CIEAOM Ce-

Kylell IUIOCKOCTH Ha IIOCKOCTH OCHOBa-
Hus, nepecekaer pebpa DC u BC B ToUKax
N, n N, coorBercTBeHHO (cM. puc. 1146).
Toukn P m N, nexar B INIOCKOCTH T'PaHH
SBC, Ny u N — B miockoctu rpaaun SDC
uM, SD NN, M, nM —BIIOCKOCTH
rpaud SAD u F, SA MM .

COC)II/IHSIH IMOCJICA0BATCIIbHO ITOJIYYCH-
HBIC TOYKH, IIOJIydaceM HCKOMOE€ CCUCHHUC

M N,N,PP,.

Puc. 114

MEmoo0 6CROMOZAME/IbHBIX nzzocxocmeﬁ,
Memoo nepernoca ceKyu(eﬁ njaockocmu

[Ipy mcnonp30BaHUM 3TOTO METOJIA BME-
CTO CEKYILEW TIIOCKOCTH CTPOMTCS Mapai-
JIeNbHAsA €M BCIOMOTAaTelbHas ILIOCKOCTD,
KOTOpasi IEPECEKAEeT BCE IPpaHU HEKOTOPOTO
TPEXIPaHHOTO (WJIM MHOTOTPAHHOTO B 00-
meM ciiydae) yria JaHHOTO MHOTOTpPaHHHU-
ka. Jlasee myreM mapajuieIbHOrO NEpeHoca
CTpOf[TCf[ HGKOTOpBIC J'II/IHCfIHBIG BJICMCHTBI
HWCKOMOTI'O CE€YEHUsI, COOTBETCTBYIOIIUE JIET-
KO CTpOSIIIII/IMCSI 3JICMCHTAM BCIIOMOTI'aTCJIb-
HOM INTIOCKOCTH.

CBoiicTBa napajuieabHbIX MIOCKOCTEM.

® Ecnu Ose napaijieilbHbvle Ni1oCKocmu nepe-
ceKkaromcA mpembeﬁ, mo JUHUU ux nepece-
YEeHUA napaijejlbHbl.

L Ompesku napaiilejlbHblX npAmsblx, 3aKi0-
YEHHblE Meofcdy napaiilejiibHbiMu NnioCKo-
CMAMU, PABGHDBL.




Hpumep 107. Janor mouxu M, N u P,

Jexcawue CoOmeemcmeeHHo HaA OOKOBbIX
peopax SA, SD u SB uemvipexyeonvbHoUl nu-

pamuovl SABCD . [locmpoumsb ceuenue nu-
pamuowl niockocmoio MNP (cm. puc. 115).

Pewenue. IlpoBo-
UM 4epe3 BepmuHy D
NpsMyl0,  Hapajuiesb-
Hyt0o MN, no nepece-
yeHust ¢ pebpom S4.
UYepes MOJYYEHHYIO
TOUKy K, mapamienabHO
MP  npoBogum 1ps-
MYIO JI0 TMEpEceueHust C
pebpom AB B TOUKE
K

ITnockocts Tpeyromsnuka DK K,

5.
na-
pamnenbHa 1miIockoctd MNP . Ilnockoctb
ASC mepecekaeT HX IO MapauIeIbHBIM
npsmMeIM. [Ipsimasi mepeceueHus: mIOCKOCTEH
ASC v DK K, — K\K,, tne K, — To4Kka
nepeceueHuss auaroHai AC  4YeThIpex-
yronbHuka ABCD wu otpeska DK, . Uepes
TOYKy M TIPOBOJMM MNPAMYIO, IapajlIeib-
Hyro K K, , no nepecedenus ¢ peopom SC .
[Tonygaem Touky Q. Ceuenue MPQON sB-
JISI€TCSI HCKOMBIM.

Ilpumep 108. B ocrosanuu nupamuovl
SABCD nexcum pomb6 ABCD, cmopona
Komopozo pasHa 12, a ouaconans BD 6.
Bvicoma nupamuovr SO npoxooum uepe3
MOYKY nepeceueHus OuazoHanen pomba u

pasHa 3J13 . Touxu E u F nexcam na ped-
pax AD u AB coomeemcmeenno, npuuem
AE 4, FB 8. Hatimu niowaov ceuenus
nUpamuobl nNiIO0CKOCMbio, NAPAINENbHOU peo-
py SC u npoxoosuweti uepes mouxu E u F .

Pewenue. Tak xak AF AB FB 4 »n
AE 4, 1o TpeyronbHuk AFE  paBHO-
OepeHHbIN U 000EH TPeyroJbHUKy ABD

AF 1
¢ xodbhdbumueHToM momoomst —— — (CM.
(liy 15 3 (

puc. 116). 3naunt FE %BD 2.

Ilycte L  Touka mepeceueHus FE c
nuaroHanbio pomba AC . Tak kak cexkymas
IJIOCKOCTh napajuiesbHa SC, TO 4epes3 ToU-
Ky L B 3TO#l miockoctu OyneT MpoXOIUTh

www.alexlarin.narod.ru

65

npsmMas, napauiensHas SC, Kotopas mepe-
ceuet pedpo SA B Touke K (KL|| SC, KL

nexutr B miaockoctu ASC). TpeyronbHHK
KFE  WCKOMOE CeYeHHe.

BD ASC, mnockoibky BD SO nu
BD AC. CnenmoBarensHo, FE ASC, a
3Hauut FE KL, t.e. KL BbICOTa Tpe-
yronbHuka KFE . Torna, 3vas KL, HaliieM
TIJIOIA/Th CEYCHUSI.

Tpeyronsuuku AKL u ASC nomoOHbI C

AL AL 1

AC 240 6
N3 npAMOyronpHbeIX TpeyroyJbHUKOB BOC
u SOC mno teopeme [Iudaropa norydgaem

OC +BC® BO* 122 3 3415

SC NSO* 0Cc* 117 135 647.

Tak kak ﬁ ﬂ l, T0 KL \/7

SC AC 6

ko3 urmenTom moao0ous

CrnenoBaTenbHo, S,

Puc. 116

Omeem: \/7 .

Memoo 00noIHeHUs N-y20bHOU NPU3MbL
(nupamuosl) 00 mpeyzoibHoU nPU3IMbL
(nupamuowi)

Ecnu nannyro npusmy (nmupamuny) Jo-
CTPOUTH 10 TPEYroJIbHON MPU3MBI (ITUPAMHU-
IIbl), 3aT€M [IOCTPOUTH CEUEHUE MOJTyYCHHOU
TPEYroJbHOM HpU3Mbl (IIUpPaMHJIbI), TO HC-
KOMO€ CEYEHHUE I0JIy4aeTCsl KaK 4acTh ceue-
HUS TPEYroJbHOU MPU3MBbI (TUPaMU/IbI).

Hpumep 109. Ilocmpoums ceuenue nu-
pamuovt DAEGHF nnockocmwio AMN, 20e
mouxku M u N nexcam na peopax DE u DF
COOMBEmCcmeeHHo.

Pewenue. 1. JlocTpanBaeM JaHHYIO IIsI-
TUYTOJIbHYI0 THUPaMUIy JO0 TPEYroJIbHOM.
Hns aroro nonyuum touku AE HG C u



AF GH B, u 3areM IpOBEIEM OTPE3KU
DCwu DB (cm. puc. 117).

Puc. 117

2. CtpouM cedeHHE TMOJIYyYeHHON Tpe-
yrojapHOM nupamuasl ABCD TI0CKOCTBIO
AMN . J1ns 3TOro mocieAaoBaTeIbHO MOIY-
yaeM TOYKHU AM DC P "
AN DB (Q, u coenunsieM Touku P u Q.

Tpeyronbuuk APQ — ecTh ceyeHue nupamu-
el ABCD 1utockoctero AMN .

3. Ocranock MOJIyYUTh TOYKHU
PO DG Rwu PO DH §S.Tornma ns-

TUYTONbHUK AMRSN — HCKOMOE CEYCHHE
JAHHOW IIATUYTOJIbHOM IIUPAMUJIBI.

Memoo pazduenus n-y20abHol nPU3IMbl
(nupamuowvl) na mpeyzonvHbvle npu3IMbl
(nupamuowor)

W3 naHHON n-yrojapHOW mpu3Mbl (mupa-
MU/IbI) BBIIEISIOT OCHOBHYIO TPEYTOJIbHYIO
npusMy (mupamuyay), Ha OOKOBBIX pedpax
KOTOPOIl JIe)KAaT TOYKH, ONPEIEIISIONINE HC-
koMoe cedeHue. CTposT ceuyeHue 3Tol Tpe-
YrOJAbHOW TpuU3Mbl (MHpaMUbl), 3aTeM
CTPOSIT CEUEHHUSI TEX TPEYroJIbHbIX MPHU3M
(nupamMuf), KOTOpblE UMEIOT OOIIME YaCTH C
OCHOBHOM.

Ipumep 110. /locmpoums ceuenue ue-
muipexyeonvroi npusmvr  ABCDA,B,C,D,
niockocmoto POR, 20e mouku P u Q nexcam
Ha pebpax AA, u DD, coomseemcmeenno,
mouka R npunaonescum

AAB,B.

njiockocmu

Pewenue. 1. Touka R 1eXUT HA OTpE3Ke
EE ., tne E AB, E, AB,, EE AA,
(cMm. puc. 118). Tpeyronpauk POR sBisiercs
CEUYCHUEM TPEYroJIbHOMN MIPUA3MBI
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ADEAD\E, . ADCAD,C, mnu
ABCA,B,C, nmeroT oO0IIyl0 4acTh C IpU3-
Mot ADEA D\ E, .

[Tpu3mel

4, Eoyg

Puc. 118

2. llomyuyum TOUYKH

. AC DE M,
AC, DE M,. Ilnockocru ACC, nu
EDD, mnepecekarorcs mno mpsamou MM, .
ITpssmele MM, n QR nepecekaroTcsi B TOUKE

M

L
3. Toukn P u M, npuHamiexar IJIOCKO-
ctu ACC,, nostomy mnpsimeie PM, u CC,
IIEPECEKAIOTCSA B TOUKE 1, NMpUHAAIEKAIIEH

cekyuieit miockoctu POR.
4. meem Touky PR BB, K. Ilpsamblie

PR n PQ nexar B oaHoil miockoctu POR,
M03TOMY TOUKa K HPUHAUIEKUT INIOCKOCTH
POR.

5. Touku Q u T nexaT B IJIOCKOCTU ceve-
HUSl, 3HA4uT, npsmas Q7 NPUHAUIEKUT ce-
Kyiel miockoctu. Yersipexyronbuuk PKTQ
— UCKOMOE CEUCHHE.

Cpenu MeTOJIOB TOCTPOEHUS CEUYEHUM
MHOTOTPAaHHUKOB BBIJCIAIOT TaKXe METO]
BHYTPEHHETO0 IPOEKTUPOBAHMS, KOTOPBIH
HCIOJIb3YETCSI Ha MIPaKTUKE KpaitHe peaKo.



4.2. BekTopHBIii MeTO

BexTopHBIif MeTOJ MOXKET ObITh HCIOJb-
30BaH MPH PEIICHUHU LIUPOKOTO KIIacca Ireo-
MeTpUUYecKuX 3aaad. s pemieHus 3anad,
KACAIOIIUXCS: B3aUMHOTO  PaCIOJIOKEHUS
JBYX MPSIMBIX, IPUHAUIEAKHOCTH TPEX TOUEK
OJIHOW TPSAMOW, BBIYMCICHUS OTHOIICHUS
OTpPE3KOB NapajuieJbHBIX MPSIMBIX, TpeOy-
I0TCS JIUIIb OTNEpaluy CI0KEHHs U BhIYUTA-
HUS BEKTOPOB, YMHOXEHHS BEKTOpa Ha 4HC-
0. Ormepanusi CKaJISIpHOTO  YMHOXEHHUS
JBYX BEKTOPOB (B COYETAaHUM C IPEIBITY-
IIMMH OIepalusiMi) MO3BOJISET BBIUUCIATDH
JUIMHBI OTPE3KOB U BEJIIMYMHBI YIJIOB, a 3Ha-
YUT, HAXOAWUTh PACCTOSIHUS, IUIOIIANU H
00BEMBI FTEOMETPUUECKUX PUTYD.

Ecnu HeoO6xoaumMo HAlTH ITMHY OTpe3Ka,
TO B KadyecTBe 0a3uCHBIX BEKTOPOB BbIOU-
paroT Takue BEKTOPHI, Uil KOTOPHIX U3BECT-
Hbl UX JUIMHBI U yIiibl MeX1y HUMHU. Eciu B
3ajaue TpeOyercs HAWTH BEIWYUHY YIiia
MEXAY INpSIMBIMU, TO B KauecTBE 0a3HMCHBIX
BBIOMPAIOT BEKTOPbl C M3BECTHBIMU OTHO-
HICHUSIMU UX JUIMH M U3BECTHBIMH YIJIaMu
MEXAY HUMHU.

ba3zuc u koopounamur éekmopa

YrnopsaodeHHas TpoOWKa HEKOMIUIAHAp-
HBIX, BEKTOPOB d, b, ¢ Ha3bIBaecTCs Oazu-
com.

Beskuit Bektop d MoxeT ObITh mpen-
CTaBJICH €JMHCTBEHHBIM 00pa30M B BUJIE

d xa yl; z ¢ (1)

rac 4yucia x, y, z Ha3bIBAlOTCA KOOpAHWHA-

TaMU BEKTOpa d B 6aszuce BEKTOPOB a, b ,
C.

@opmyny (1) Ha3BIBAIOT pasnodrceHuem
sekmopa d no basucy a, b, ¢ W WcIoMb-
3YIOT TaKKe CIEIyINylo (GopMy 3alucu
d {x,y,z}.

Basuc d, b, ¢ HasbIBAKOT NPSMOY20ib-
HoiM (WA OpMO2OHANbHBIM), €CITU CKAJISAp-
HbIC TIPOM3BEICHUS d b, @ac¢,ub ¢ paB-
HBI HYIIO, T.€. BEKTOPHI IOMAPHO nepneHou-
KYJISIPHOL.

basuc a, b, ¢ Ha3BIBAIOT OeKapmosvim
(W opmonopmuposanHviM), €CIIA BEKTOPHI
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MOTIAPHO NepneHOUKyIsApHbl U | d | |I; |
lc| 1.

Jy1st BEKTOpOB J1eKapToBa 6a3uca 0OBIYHO

HCIIOJIB3YIOT 0003HAYCHUS i, ], k.

Ecnu nBa BekTtopa 7 W 3agaHbl CBOMMU
KOOpAMHATAMU B HEKOTOPOW JI€KapTOBOM
CHCTEME  KOOPJIUHAT no{x,y,z},

m {x,,¥,,2Z,}, TO UX CKaJsIPHOE INPOU3-

BEJICHHUE B ATOM CHUCTEME KOOPIHMHAT BBIpa-
YKAETCS CISAYIOIUM 00pa3oMm:
nom XX,

)

OOBIYHO TIPU pPEIICHUH 3a/1a4, B KOTOPBIX
paccMaTpuBaoTCs MpU3Ma Wi NUpaMuaa, B
KayecTBe OAa3UCHBIX BEKTOPOB BBIOMPAIOT
KaKyl0 MO0 TpPOWKY BEKTOPOB, BBIXOASIINX
13 OJIHOM BEPIIMHBI U HAIIPaBJIEHHBIX BJIOJb
pedep MHOrOrpaHHHUKA.

IIpumep 111. B napannenenuneoe
ABCDA,B,C,D, mouka M — yenmp epanu
CC,D,D. Haiimu koopounamer eexmopa

BM 6 bazuce TA;,E u AD.

N, Z2,.

Pewenue. Jlna tpeyronsHuka B,CM
3anuiineM paBeHcTBo (cM. puc. 119)

BM BC, CM.

Bocnonesyemcs tem, uto B/C, AD, a

Taxk KakK

CM %w@ C,0).

C.D, AB, aﬁ ﬂ, TO OTCIOJa IIO-

- ] — —
ayqaem CM E(AA] AB). Crnenosa-
TEJBHO,

M Lai LB up.
2 2

4,

Puc. 119

Omeem: BM E;



IIpumep 112. B ocnoganuu uemvipex-
yeonvroti nupamuoel MABCD nesxcum na-
pannenocpamm ABCD. Touxu Nu P — ce-
peounvl pebep BM u DC coomeemcmeen-

—_

Ho. Haiimu xoopounamwvr éexmopa NP 6
oazuce AD, AB u AM .

Pewenue. 3ameruM u3 TPEYroJbHUKA

ANP , ato NP AP AN (cm. puc. 120).
Tak kak Touka N  cepeaumHa peOpa

BM .10 AN %E %m

COOTBETCTBEHHO, AP AD DP wm
4P AD LuB.
2
CaenoBarenpuo NP AP AN
a0 Lap Luap lam
2 2 2

a0 Lau.
2

Puc. 120

1

Omeem:ﬁ 1; 0; 5

Hpumep 113. Jlan napannenrenuneo
ABCDA,B,C,D, Touku M,N,P yeumpui

epaneu A BC,D,, CCDD, BBCC coom-

eemcmeenno. Ilycmv a W, b ZV,

¢ AP. Haumu xoopounamel 6eKmopa

AC, 6 basuce a, b, ¢.

Pewenue. BBenem Bektopel p  AA,,

q ABui AD (cm. puc. 121). Torna
1oL
21 2"

i AM A4 AM P
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AHAJIOTHYHO HAXOLUM b % P %(} r,
c 15 4 l? 3ameTum 91O
217 q , )
AC, p g r.lloxyanm
ib poiqg i L1plioy
L M L
1. . 1. o - -
— —r 2 r
5P 4 5 (p g 7

Puc. 121
— 1. 1= 1.
Otrcroma AC, —a —b —c.
2 2 2
— 1 11
Omegem: AC, — == .
222
Paccmosanue mexcoy

CKpeuiusaruiumuca npambvinu

ITycte naHbl mpsMas [, ¢ Hampa,sio-
MM BEKTOPOM ¢, W [/, C HaIpaBIAIOIINM

BEKTOpOM ¢,. Toukm A4, m A, nexar Ha

OpsMbIX /| ¥ [, COOTBETCTBEHHO, 4,4, m

(cm. puc. 122). Haiinem paccTosiHHE MEXITY
npssMeIMA [, U [, .

Puc. 122

YroOBl ONpENEeInTh PACCTOSHHE MEKIY
OpsAMBIMHA /| ¥ [,, T.e. HAUTH AIMHY UX 00-
mero nepnexaukyiaspa PP, (A

P, [,), npencraBum Bekrop PP, B BUIE

[, mn



RP, R4, A4, AP xgq m yq,.
Heuspectuble ko3duuueHTsl x, y Ha-
XOJTCSL U3 YCIOBUS NMEPHEHAUKYISIPHOCTH

R ——

BekTopa PP, BeKTopaM ¢, U ¢,:

PP, g, O, (x g m 4,) 4. 0,
PP, G, 0 (x4 m y4q,)4q,

Hckomoe paccrosiHue
TYIOIINM 00pa3zoM:

Jox @ moy @),

BBIpA)KaeTCs  Clie-

2

CornacHo CBOMCTBAM CKaJISAPHOTO MpO-
U3BEJCHHUS M C ydeToM (OpMyJIbl KBajpara
CYMMBI TPEX YHCEJI TIOTy4UM
moy ¢, x* g m oy g
2x(‘?1 m) 2)7((?2 m) ny((?] qz)

(x g,

B obmem ciydae nnsi 0a3MCHBIX BEKTO-
poB a, b, ¢ Ttakux, 4rto |a| a,|b| b,
(a,b) , (a,c)

1Z] ¢ wm

(l; ,C) Ta0JIMIa YMHOKCHHS Oa3UCHBIX
BEKTOPOB BBITIISAUT CIIEAYIOIUM 00pa3oM.
a b ¢
a a’ abcos ac cos
b | abcos b> bccos
¢ accos bccos c?

B ciyuyae nexkapToBOW CHCTEMBI KOOPIH-
HaT TaOJIMIIa YMHOXKEHHSI Oa3UCHBIX BEKTO-

poB i, j,k BBIMISAUT CIEAYIOUIMM 00pa-
30M.

S|~ | O~
— o ||

S| S e
OO =]

I/ICHOJ'IBSySI IMPUBCACHHBIC BBIBOJbI, PC-
M CIICAYIOIIHE 3a/Ia4u.

Ipumep 114. Havimu paccmosinue medic-
0y HenepecekaruwuMucs OUASOHANAMU O8YX
CMedHCHBIX epaHell Kyba, OnuHa pebpa Komo-
po2o paena a.
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Pewenue. Haiinem pacCcTOsiHUE MEXIYy
muaronansmu - AC, m  AD, ky0a

ABCDAB,C,D, (cm. puc. 123).

B] C]
P
A D,
K
: 0
74— C
A a p
Puc. 123

Beenem Bextoper 4,C, ¢, u AD, ¢q,,

TA] m. Ilockomeky |q,| |¢, | a2,
\m| a, (4,,9,) 60, (q,,m) 90,
(g,,m) 45, 10
d 4 4 2a,

G, 4, §G, 2d*,mm m' a’,

61 qz |‘§1| |qz| cos 60 az’

g, m |q,| |m| cos90 O,

G, m |q,| |m| cosd5 a’.

ITycth oTpe3ok PQ ectb oOUIMid neprieH-
JUKYJISAP CKPEIUBAIOIIUXCA NPAMBIX 4,C; U
AD; . llpencraBum Bekrop PQ B BUAE

PO xq m ygq,.
N3 ycnoBus NepneHAUKYISIPHOCTH BEK-

R ——

Topa PP, BeKTOpam ¢, U ¢, MOIy4aeM

(x g m yq)q 0O,
(x g m y q)qg, O
x g~ mg y(@ q) 0
x (G §) g y§ O
a’2x y) 0, 2x y O,
a’(x 1 2y) 0 x 1 2y O
1 2
Orcroma x —, — . Torma
3 Y 3
— 1 2. °
ol JLa a4
‘ 0 \/341 N



Ja@: 9 4G 6G m) 12G, m) 4G G,)

3
a2 9 8 0 12 4 a3
3 3

a3
Omeem: .
3
3ameuyanue. B OonbIIMHCTBE CllydaeB
IpHU peHIeHuH TONOO0HBIX 3amad ymoOHee
BBECTH JICKAPTOBY CUCTEMY KOOPJAWHAT, BBI-
pa3uTh BEKTOPHI ¢, G,, M 4Yepe3 ee Oazuc-
HBIC BEKTOPBI U IPOBECTH BCE BHIUYUCIICHUS B
KOOpAMHATHOM (opme.

IIpumep 115. B npasunvhoii uemvipex-
yeonvroti nupamude MABCD c¢ ocnosanu-
em ABCD evicoma u cmopoHa OCHOBAHUS
pasHvl 4, mouku E u F cepedunst pebep
AM u DC coomeemcmeenno. Haiimu pac-
cmosinue medxcoy npamvimu BE u FM.

Pewenue. BBeneM IexkapTOBYy CHCTEMY
KOOpJIUHAT cienyomuM obpazom. Ilycts
Hayajo KoopauHaT () HAaXOAUTCA B LIEHTpE
OCHOBaHHUS, OCb X IPOXOAMUT 4YEpPe3 TOUKY
O mapamienbHo pedbpy 4D, ock y Tpoxo-

TUT 4Yepe3 Touky (O mapajuieibHO pedpy
AB, ocb z TpOXOIUT yepe3 Touky O mnep-
NEHAUKYISIPHO IUIOCKOCTH OCHOBaHUS (CM.
puc. 124). Torna BepHIMHBI TUPAMHJIbI UMeE-
0T KOOPJIUHATHI:

AC 25 2,0), B( 2;2,0), C(2;2;0),
D(2; 2;0), M(0;0;4).

Puc. 124
B aroit cucreme koopaunat E( 1; 1;2)
u F(2;0;0). Beenem BEKTOPBI
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BE G (L 320, FM g, {2:0;4
w EM i {12}
Torma
g, g 11 (3)(3) 22 14,
g, ¢, (2)(2 00 44 20,
mm 11 11 22 6,
g, 4, 1(2) (30 24 6,
gm 11 (3)1 22 2,
G, m (21 01 42 6.

ITycth oTpe3ok PQ ectb oOuIMii neprieH-
JUKYJIAp CKpPELIMBAIOIIUXCA NMpsAMBIX BE u

FM . IlpencraBuM BEKTOD ITQ B BHJIE
PO xgq m yq,.
W3 ycnoBusi nepneHAMKYISIPHOCTH BEK-

_—

Topa PQ BEeKTOpaM ¢, U ¢, MOIydaeMm

(x g m yq)q 0O,

(x g m yq)qg, 0
14x 2 6y O,
6x 6 20y O.
1 18

Otcroma x —, — . Torna

61 Y 61

- 1 . . 18.

P — m —

0 a1 a1

1 18
—{; 3;2 ;1,2 —{ 2;0;4
61{ o ¥ 61{ ¥

1
—196; 64; 48} .
61{ )

16761
o

— 1
P ‘ — o6 64> 48?2
Po| oY ;

Omeem:

16761
61



4.3. KoopanHaTHblii MeTO/

KoopannaTtHelil MeTO SIBJISIETCS €CTECT-
BEHHBIM IPOJIOJDKEHUEM BEKTOPHOTO METO-
J1a, TO €CThb BEKTOP IIPOCTPAHCTBA €CTh YIIO-
psAI0OYECHHAs TPOMKA IEHCTBUTEIIBHBIX YUCEI
(1eKapTOBBIX MPSAMOYIOJBHBIX KOOPJIUHAT
BEKTOpa B OPTOHOPMHUPOBAHHOM 0azuce).

PannonanbHoe pacnosnoxeHue (Gurypsl
OTHOCHUTEJIbHO CHUCTEMBbl KOOpAMHAT (HEKO-
TOpPbIE BEPIIMHBI MHOTOTPAaHHUKA HAXOASTCS
Ha KOOPJIMHATHBIX OCSX), MO3BOJIAET IpU
pEILIeHUH 3a]]a4 YIIPOCTUTH BHIYUCIICHUSI.

KOOpOuHamol 6epuiun MHO202PAHHUKO8
6 0exapmoeoil cucmeme KOOpOuHam

B nanHOM myHKTE mpejicTaBlieHbl B 00-
1M BHJIE KOOPAWHATHI BEPIINH HEKOTOPBIX
BUJIOB MHOIOI'DaHHHMKOB, Hauboyiee 4acTo
HCHOJIb3YEMBIX B 33J1a4aX.

1. Ky6 ABCDABCD, c pebpom a.
[TycTh Hauano KOOPAMHAT HAXOJIUTCS B TOY-
K€ A, HamnpaBlICHHE KOOPIMHATHBIX OCEH
Ioka3aHo Ha puc. 125. Torna BepmuHbl Ky-
0a UMEIOT KOOPIUHATHI:

A(0;0;0), B(0;a;0), C(a; a;0),
D(a; 0;0), 4,0;0;a), B/(0;a;a),
CI (a; a, a) 5 DI (a; 0; a) .

Zp YA
B, C,
A, D, a B C
B; _____ e
14 D
A D x 0 a x
Puc. 125

Taxoe ke pacroioKeHUe CHCTEMBI KOOp-
IMHAT YHOOHO HCIOJB30BATh ISl MPSMO-
YrOJIGHOTO Tapajuienenumena. Eme oauH
BApHAHT PACIOJIOKCHUS MPSIMOYTOJIHHOTO
napajuienenumnena (Kyoa) OTHOCUTEIBHO Jie-
KapTOBO CHCTEMBI KOOPIMHAT CBSI3aH C
pa3MeIeHueM Havajga KOOpPAWHAT B TOYKE
nepecedeHus TuaroHaieii OCHOBaHUSI.

2. IlpaBuJjbHasi TpeyroJibHasi Mpu3Ma
ABCAB/C,, cTopoHa OCHOBaHHs KOTOPOM

paBHa a, a 6okoBoe pedpo b . IlycTs Hava-
JIO KOOpAWHAT HAXOJUTCA B TOUKE A , OCh X
HarpasJieHa B10Jb pebpa AC, ocb y TIpo-

www.alexlarin.narod.ru

71

XOJIUT 4Yepe3 TOYKy A NepHeHIUKYISIPHO
AC, ocb z HampaBjeHa BJ0JIb OOKOBOTO
pedpa A4, (cM. puc. 126). Torga BepIuHbI
IMPHU3MBI UMCIOT KOOPAWHATHI:

A(0;0;0), B g;&;0 , C(a; 0;0),
2’ 2
4,(0;0;5), B, ﬁ;&;b , C,(a;0;b).
2’ 2
zZA B, YA
A ale
1 1 ‘J%a B
P A
B
SN 4 c_
A C x 0 4 a X
Puc. 126

Jpyroii BapuaHT pacHOJIOKEHHUS IIpa-
BWIBHOW TPEYrOJIBHOW IIPU3MBI OTHOCH-
TEJIBHO MPSMOYIOJIBHOW JAEKapTOBOW CHUCTE-
MbI KOOpPJIMHAT MOKa3aH Ha pucyHke 127.

B,

A,
l zA

Puc. 127

3. IIpaBujbHAsA IECTHYTOJIbHAS MPU3-
ma ABCDEFABCDEF,, ctopoHa OCHO-
BaHUS KOTOPOU paBHa a, a O0KoBOe pedpo
b . Ilycte Ha4yal0 KOOPAMHAT HAXOJIWUTCS B
TOYKE A, OCb X HaIpaBleHa BAOJIb pedpa
AF , ocb y NpPOXOIUT yepe3 TOUKy A mep-

NeHAUKYISIpHO AF, ocb z HalpaBlieHa

BJI0Jb O0KOBOTO pedpa A4, (cm. puc. 128).

Torna BCPIIMHBI ITIPU3MBI UMCIOT KOOpJAHWHA-
ThI:



aa\/g

NEHIUKYISIPHO AC , OCh z TPOXOJUT Hepe3
A4(0;0,0), B E;T;O ) CO;a\/g;O )

TOYKY A TepHeHAUKYISIPHO ITUIOCKOCTH
ABC (cm. puc. 130). Torma BepuMHbI Mu-

aMHU bl UMCHOT KOOPANHATHI .
D(a; av3:0), E 24 i 20, F(a;0,0), P P
2 a a\/_

A(0;0;0), B =;—=:;0 , C(a;0;0),
a a\/g 2’
4(0;0:6), B 5 ==3b , C(0;a~/3; D),

Dy(a;av/3;b), E, 3‘” 3.b ) F(a;0:).
2’ z) A
M
YA A
ZA D H
B C." . IEI 3a )\l D : 3, B
A, H Fl : y 2
Ly o BAz, 0 Np [ B c
o : \2 N o 4 -~
Ci.. 'Q;‘E A Cx 0 4 ax
By AL \/A F X
> 7 v
A F x 40 % a 37a Puc. 130
Puc. 128 4.2. IlycTh Haua10 KOOPAMHAT HAXOAUTCS
' B LieHTpe TpeyronbHuka ABC B Touke O,
Ha BeiHOCHOM ueptexe ocHoOBaHusA AD OCh X MPOXOJUT 4epe3 Touky O mapai-
BE CF 2a. AC [CF?  4F? a3 nensHO pedpy AC, OChb y MPOXOIUT Yepes

Touky O mnepneHgukyisspHo AC, ocb z
MPOXOJIAT Yepe3 TOUKy () TEepPIEeHI